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Preface 
Nonlinear analysis is a remarkable confluence of Topology, Analysis and Applied 
Mathematics whereas fixed point theory is an important and core topic of Nonlinear 
analysis which is still very rapidly growing. Fixed point theory is, in fact, the study 
of functional equation f{x) = x in metric and topological spaces. The axiomatic 
development of metric spaces by M. Prechet in 1906, proved very fruitful and pro-
ductive for further development of sophisticated mathematics including fixed point 
theory. The first fixed point theorem for contraction mappings in metric spaces was 
coined by S. Banach (a PoUsh Mathematician) which is now popularly referred to 
as Banach Contraction Principle. By now, this principle has become one of the 
most fundamental and powerful tools of nonlinear analysis due to its wide range 
of apphcations to nonlinear equations arising in physical and biological process for 
ensiuring the existence and uniqueness of solutions. Though Banach established his 
celebrated contraction principle in 1922, its all extensions and generalizations were 
proved after 1968 when Kannan[95] established some fixed point theorems for self 
mapping of metric spaces satisfying a very tricky contrgiction condition. The work 
of Kannan[95] has inspired extensive extensions and generalizations of contraction 
principle which is still flourishing in several directions. 
In 1976 Jungck[84] proved an extension of Banach Contraction Principle em-
ploying a pair of self commuting mappings which has greatly influenced the re-
searchers thereafter. By now there exists vast literature around Jungck theorem 
which includes its extension to multi-valued mappings (see[112]) and also to hybrid 
pairs (see [94]). On the other hand, Assad and Kirk[7] proved fixed point theorems 
for nonself mappings whose domains are closed subsets of metrically convex spaces 
which involves an entirely new technique of proof. In recent years the fixed point 
theorem due to Assad and Kirk[7] has been generalized and improved in various 
ways by several authors namely: Rhoades[133, 139], Assad [8], Khan et al.[102], Im-
dad and Kumar[75], Imdad et al.[70], Ahmad and Imdad [1], Pathak and Khan[122], 
Ahmed and Rhoades[4] and many others. The results in this thesis are one more 
step forward in this direction. 
The purpose of om: work is three fold: 
(i) To study the common fixed point theorems for a family of nonself single 
valued mappings in metrically convex metric spaces (Chapter 2). 
(ii) To study the common fixed point theorems for a family of hybrid pairs of 
mappings in metrically convex metric spaces (Chapters 3, 6 and 7). 
(iii) To study the common fixed point theorems by altering distances between 
the points in metrically convex metric spaces (Chapters 4 and 5). 
The present thesis comprises of seven chapters and each chapter is divided 
into sections. The numbers like 2.1 indicates Section 1 of Chapter 2 whereas 2.2.1.1 
indicates equation 1 of result 1 of Section 2 of Chapter 2. The hypotheses, conditions 
or conclusions of Chapter 1 to Chapter 7 are denoted by an,6„,c„, ...^n respectively 
where n varies. As usual the numbers in brackets refer to the references listed in 
the bibliography. The first section of each chapter provides an introduction to its 
contents. 
Chapter 1 is elementary in nature where we have discussed the historical de-
velopment of the subject, prehminary concepts, definitions and important results 
relevant to further discussion. 
In Chapter 2, we prove some common fixed point theorems for a family of nonself 
mappings in metrically convex spaces satisfying an analogous contraction condition 
patterned after Khan et al.[102]. In Section 2.2, we prove common fixed point 
theorems for different weak conditions of commutativity namely: pointwise r— weak 
commutativity, compatibility and weak commutativity mappings. We conclude this 
viii 
section by proving a result for maps defined on a compact subset of the underlying 
space. In Section 2.3, our aim is to prove common fixed point theorem without 
continuity requirements. Section 2.4 off'ers interesting examples which demonstrate 
the validity of the hypotheses and degree of generahty of our results. In the last 
section, we demonstrate that the results of this chapter can be utilized to prove the 
related results on fixed points. 
In Chapter 3, we prove fixed point theorems for a family of hybrid pairs of 
mappings in metrically convex metric spaces wherein the contraction condition is 
again patterned after Khan et al.[102] involving a family of hybrid pairs. In process 
the hybrid fixed point theorems corresponding to Bianchini[15],Chatterjea[27] and 
several others can be deduced as corollaries. 
Chapters 4 and 5 deal with conmion fixed point theorems for two pairs of non-
self mappings via altering distances between the points with the help of a suitably 
equipped control function. In Section 4.2, we prove some common fixed point theo-
rems employing pointwise r— weak commutativity, compatibility and weakly com-
muting mappings which require continuity of some or all involved maps. Section 4.3 
is devoted to a result wherein continuity requirements of the maps are alternately 
replaced by closedness of TK and SK (or FK and GK). In Chapter 5, inspired 
by Khan et al.[101] and Assad[10, 11], we prove common fixed point theorems for 
two pairs of nonself mappings in metrically convex metric spaces which generalize 
earher results due to Assad[ll], Abdalla and Zaheer[12] and others. Some related 
theorems are also discussed besides deducing several corollaries and possibly some 
of them are new to the literature. 
Chapter 6 is devoted to the study of Rhoades type fixed point theorems for a 
family of hybrid pairs of mappings in metrically convex metric spaces wherein we 
prove some coincidence and common fixed point theorems for a family of hybrid pairs 
employing a contraction condition patterned after Rhoades[133]. In proving our 
ix 
results we use the definitions of pointwise r— weak commutativity, compatability, 
quasi-coincidentally commuting property and coincidentally idempotent property 
to hybrid setting. Our results generalize earlier results due to Rhoades[133, 139], 
Ahmed and Rhoades[4], Imdad and Kumar[75] and many others. In the last section, 
we furnish an example to establish the utility of our results over cited ones. 
In the last chapter, we prove hybrid fixed point theorems for a family of map>-
pings in metrically convex spaces corresponding to Theorems 7.1.2 and 7.1.3 (due 
to Dhage et al.[40]) via diametral distances. In Section 7.2, we obtain oiu: main 
results concerning coincidence points for hybrid mappings via diametral distance 
corresponding to Theorems 7.1.2 and 7.1.3 using pointwise r— weak commutativity 
and compatibility conditions whereas in Section 7.3, we continue to prove results on 
common fixed points. In process our results either completely or partially general-
ize earlier results due to Dhage[38], Dhage et at.[40], Imdad et al.[70], Huang and 
Cho[64], Chang[25] and others. In doing so, we are essentially motivated by Huang 
and Cho[64] and Ahmad and Imdad[3]. 
In the end, a bibliography is given which by no means is exhaustive one but 
lists only those books and papers which have been referred to in this text. 
• • • • • 
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CHAPTER 1 
PRELIMINARIES 
CHAPTER 1 
Preliminaries 
§ 1.1. Introduction 
Fixed point theory is a very wide topic of mathematical research as it belongs 
to several mathematical domains such as: Classical Analysis, Functional Analysis, 
Operator Theory, Topology and Algebraic Topology. Fixed point theorems have 
extensive applications in several branches of mathematics, engineering and physical 
sciences. Many practical and research problems in science and engineering can be 
reduced to fixed point problems. Most of the theorems ensuring the existence of 
solutions to Diflferential Equations, Integral Equations or other Operator Equations 
can be proved using fixed point theorems. They are also used in new areas of 
mathematical appUcations like Mathematical Economics, Game Theory, Fluid flow, 
Eigen value problems, Random Diflferential Equations etc. 
Fixed points of a function / or a family of functions T with domain X ( X 7^  0) 
and range Y with y D X 7*^  0 are those elements of X that are left invariant by / 
or T respectively. In a wide sense, by a fixed point theorem one means a statement 
which asserts that tmder what conditions a mapping of X into Y admits one or 
more points of X for which /(x) = x. 
The great French mathematician H. Poincare (1854-1912) was, in fact, one of 
the founders of fixed point approach who had deep insight into futmre applications 
of the approach to diverse fields including mathematical analysis and classical me-
chanics and this led him to take an active role into the development of fixed point 
approach. Poincare was first to apply the combinatorial approach to topology using 
triangulation of geometrical figures into simplexes. The next founder of the fixed 
point approach was the Dutch mathematician L.E.J. Brouwer (1881-1966) who in-
troduced deep topological notions like 'homotopy' and 'degree of a mapping' and 
use them in fixed point context. He also proved the fixed point theorems for a 
square and for a sphere whose extension to n-dimensional EucUdean space is one of 
the earUest result known as Brouwer's fixed point theorem which asserts that every 
continuous self mapping of a closed imifc ball of /?* has a fixed point. An immediate 
corollary of Brouwer's fixed point theorem on R asserts that every continuous self 
mapping of a closed interval has a fixed point which remains a fundamental result 
at imder graduate level. The Brouwer's fixed point theorem is not a result but a 
subject in itself. Since its many extensions are powerful tools in establishing the 
existence of solutions of several problems, various researchers have been studying 
its further extentions and generalizations. In this regard, the survey article entitled 
'Eighty years of the Brouwer's fixed point theorem' of Park [117] deserves special 
mention. 
By now there exist many classical fixed point theorems which inspire research 
activities around them. Due to the limitation of the space it is not possible to 
delineate them all. To mention a few, we enlist the following: 
(ai) Banach contraction principle ([13, 1922]), 
(02) Schauder's fixed point theorem ([149, 1930]), 
(03) TychonoflF's fixed point theorem ([161, 1935]), 
(04) Browder-Gohde-Kirk fixed point theorem ([21, 56, 103, 1965]), 
(05) Sadovoski's fixed point theorem ([145, 1967]), 
(ae) Ky Fan's best approximation theorem ([47, 1969]), 
(07) Nadler's fixed point theorem ([112, 1969]) and 
(as) Caristi's fixed point theorem ([24, 1976]). 
The results in this text heavily bank on 'Banach Contraction Principle' and 
'Nadler fixed point theorem' therefore these two theorems and other related results 
will be discussed in detail latter. 
It is never possible to give a complete description of a wide subject like fixed 
point theory in one or two paragraphs. However, for a comprehensive study of fixed 
point theory and its related results the books by Goebel and Kirk[55], Istratescu[79], 
Rus[143], S. P. Singh, B. Watson and P. Srivastava[156], Aksoy and Khamsi[5], 
Dugundji and Granas[42], and Smart[158] are of special recommendation. 
§ 1.2. Fixed point property 
A topological space X is said to have the fixed point property if every continuous 
self mapping of X admits at least one fixed point. Recall that any property is said 
to be topological if it is preserved under homeomorphism i.e., in case, a topological 
space X is homeomorphic to a topological space Y and if X has certain topological 
property then so does Y. Fortimately, fixed point property is also a topological 
property. To substantiate this let us assume that g: X -^Yhe any homeomorphism 
and let / : y ->^  y be any continuous mapping. Consider the mapping h = g~^fg 
from the set X into itself. Then h is continuous being the composition of continuous 
maps p~^, / and g. If Xo remains fixed under h and j/o denotes the image of Xo under 
g, then 
h{xo) = g'^fgixo) = Xo. 
Operating g on both the sides, one gets 
99~\f9M) = g{xo) =^ ifgM) = gM 
which shows that g{xo) = t/o is a fixed point of / . 
In order to utilize fixed point property, in every case one is required to know 
the fixed point property of one member of an entire class of homeomorphic sets. 
Specifically, since this property is true for a square then it will remain true for a 
disc or any convex plane polygon. 
It is interesting to note that fixed point property is closely related to the notion 
of retract. Recall that a subset y of a set A" is said to be a retract of X if there exist 
a continuous mapping f : X -^Y preserving each point of the set Y. This mapping 
/ is termed as retraction of the set X onto set Y. Note that a closed interval is a 
retract of a square whereas a circle is a retract of an armular region bounded by a 
pair of concentric circles. 
The following theorem establishes the importance of this notion. 
Theorem 1.2.1. Let y be a retract of the set X and if X has the fixed point 
property then so does Y. 
Since square has fixed point property and a closed interval is a retract of a 
square, the above theorem shows that closed interval has fixed point property. The 
same argument appUes to all other retracts of a square namely: circle, triangle and 
others. 
§ 1.3. Banach's contraction principle 
In 1922, Polish mathematician S. Banach gave the most natural and significant 
result of fixed point theory which is popularly known as Banach Contraction Prin-
ciple. Recall that a self mapping of a metric space {X, d) is said to be contraction if 
d{Tx,Ty) < k d{x,y) where 0 < A; < 1. Banach Contraction Principle for contrac-
tion mappings asserts that 'every contraction mapping of a complete metric 
space into itself has a unique fixed point'. 
Due to simpUcity and usefulness of this celebrated theorem, it has become a very 
popular source of existence and uniqueness theorems in diflferent branches of math-
ematical analysis. This theorem provides an impressive illustration of the unifying 
power of functional analytic methods and their usefulness in various disciplines. 
During the last eighty years various extentions and generalizations of Banach 
fixed point theorem have been established. To mention a few, we cite Chu and 
Diaz[30], Bryaiit[23], Edelstem[43], Rakotch[130], Boyd and Wong[18] and others. 
Due to the limitation of the space, it is not possible to mention all the existing 
contraction conditions. However, we enlist only those contraction conditions which 
are relevant to the present exposition. For a comprehensive survey, one is referred 
to Rhoades (cf. [132], [134], [138]) and Rus[143j. 
(ag) Banach[13]: d{Tx,Ty) < k d{x,y) with 0 < A; < 1. 
(oio) Kannan[95]: d{Tx,Ty) < a {d{x,Tx) + d{y,Ty)} with a < i. 
(an) Boyd and Wong [18]: d{Tx,Ty) < g d{x,y), where g.R^R, g(t) < t 
for t > 0, together with a semicontmuity condition of g. 
(an) Cirifc[33]: d{Tx,Ty) < a {dix,y),d{x,Tx),d{y,Ty), l[d{x,Ty) + d(y,Tx)]} 
for all a:, y G A" and a e [0,1). 
(da) Bianchmi [15]: d{Tx,Ty) < a max{d{x,Tx),d{y,Ty)} with a < 1. 
(au) Chatterjea [27]: d{Tx,Ty) < a {d{x,Ty) + d(y,Tx)} with a < | . 
(ais) Hardy and Rogers [59]: 
d{Tx, Ty) < a {d{x, Tx) + d{y, Ty)} + 6 {d{x, Ty) + d{y, Tx)} + c d{x, y) 
for all X, y 6 X with x^y,a,b,c>0 such that 2a + 2b + c<l. 
(aie) Khan, Swaleh and Sessa [101]: 
(l>{d{Tx, Ty)) < a d{x, y)(f>{d{x, y)) + b d{x, y){<^(d(x, Tx)) + <t>{d{y, Ty))} 
+ c d(x, y) min{<i>{d{x, Ty)) + 0(d(y, Tx))} 
for all X,y G X with x=^y,a,b and c are three decreasing functions from 
i2+ - {0} ->• [0,1) such that a{t) + 2b{t) + c{t) < 1 for every t > 0, where 
(f>: R^ -^ R^ is an increasing, continuous function satisfying <f){t) = 0 if 
and only if t = 0. 
§ 1.4. Jungck's theorem 
Eldon Dyre (1954) , A. Shields (1955) and Lester Dubins (1956) ahnost simul-
taneously conjectured the following: Let / and g be two continuous self mappings 
of a imit interval which commute imder functional composition. Do they have a 
common fixed point? This conjecture was settled in negative by Boyce [17] and 
Huneke [65] independentally and the answer was given by constructing a pair of 
conmiuting function with no common fixed point employing a limiting process. The 
functions were discovered as the result of a computer aided search based in part on 
necessary conditions derived by Baxter [14]. Later on, in 1969 J. P. Himeke [65] 
ftimished two precise counter examples to this conjectiure on commuting continuous 
functions of the closed unit interval. Thus in order to coin a common fixed point 
theorem, one is required to impose extra conditions either on the space or on the 
mappings under consideration which is evident in all existing common fixed point 
theorems. Jungck [84] was perhaps the Gist mathematician who generalized Banach 
Contraction Principle by proving a common fixed point theorem. 
Theorem 1.4.1 [84]. Let F and T be commuting (i.e. FT = TF)seU maps of a 
complete metric space {X, d) such that F{X) Q T{X) and T is contmuous. If there 
exists a € (0,1) such that 
d{Fx,Fy)<ad{Tx,Ty) 
for all X, y € X, then F and T have a unique common fixed point in X. 
This theorem has been generalized by many researchers in various ways and by now 
there exists extensive Uterature around this theorem. To mention a few, one may 
cite Jungck [84, 85, 86], Jungck et al.[89], Pathak et al.[124], Pathak et al.[125], 
Singh and Mishra [155], Jungck and Pathak [90], Imdad et al.[70], Meade and Singh 
[107], Pathak and Khan [126], Popa [128], Imdad and Kumar[75], Imdad et al.[73] 
and many others. 
§ 1.5. Multi-valued mappings 
The study of fixed point theorems for multi-valued mappings was initiated by 
Kakutani [92] in finite dimensional spaces. His result was indeed a step forward in 
an endeavor to extend Brouwer's fixed point theorem [20] to multi-valued mappings 
which was later extended to infinite dimensional Banach spaces by Bohnenblust 
and Karlin [16] whereas, to locally convex spaces by Fan [47]. The development 
of geometric fixed point theory for multi-valued mappings was initiated by Nadler, 
Jr. [112] which has been further improved and enriched by Markin [106], Assad and 
Kirk [7], Browder [21], Himmelberg [62], Lami-Dozo [105] and several others. 
Fixed point theorems for multi-valued mappings are quite useful in control 
theory and have been firequently used in solving the problems in Economics and 
Game theory. Here, we describe the concept of multi-valued mappings, definitions 
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and related results besides discussing illustrative examples which will be utilized in 
the subsequent disciission. 
Let X and Y be two sets. A multi-valued map F from X to Y, denoted by 
F : A" -> y , is a subset F C. X xY. The inverse of F is the multi-valued map 
F-^ :Y ^ X defined by (y,x) € F '^ if and only if (x,y) e F. The values 
of F are the sets F{x) = {y e Y -. {x,y) ^ F}; the fibres of F are the sets 
F-\y) = {xeX :{x,y)e F} for yeY. Thus, the value of F'^ ioryeY is the 
fibre F-\y). 
For AcX, the set 
F(>1) = U,^AF{X) = {yeY: F'^y)nA^^0} 
is called the image of A imder F; for JB C V, the set 
F-\B) = UyeBF-\y) = {x€X:F(x)flB ^ 0 } 
the image of B under F"^, is called the inverse image of B imder F. 
Example 1.5.1. Let / = [0,1] and let F : / ^ / be defined as 
F{x) = {y:0<y<x}. 
Then F is a multi-valued map. 
Example 1.5.2. Let /^ = {{x,y) : 0 < x < 1 and 0 < j / < 1} and let F : /^ -^ /2, 
then one can define a natural multi-valued map by associating every x,y G P the 
line segment joining {x, 0) and (0,y). 
Definition 1.5.1. Let X and Y be topological spaces. A multi-valued map 
F : A" -> y is called 
(air) upper semicontinuous if the inverse image of a closed set is closed, and 
(cis) lower semicontinuous if the inverse image of an open set is open. 
Notice that a multi-valued map F is called continuous if it is upper as well as 
lower semicontinuous. 
Example 1.5.3. Let X = Y = R and F : X -^ Y define by 
' {0} i f x / 0 , 
F{x) = 
J - 1 , 1 ] ifx = 0. 
Then F is upper semicontinuous but not lower semicontinuous. 
Example 1.5.4. Let F : R-y Rhea multi-valued mapping defined by 
f {0} ifx = 0, 
F{x) = 
i [ - l , l ] ifar^O. 
Then F is lower semicontinuous but not upper semicontinuous. 
Let (X,d) be a metric space. Then, following Nadler [112], we recall 
(aig) CB{X) = {A: Ais nonempty closed and bounded subset of X}, 
{0.20) C{X) = {A: Ais nonempty compact subset of X}. 
(021) For nonempty subsets A,B of X and x € X 
d{x, i4) = inf {d{x, a) : a 6 A}, 
d{A, B)=mi {d{a, h): a G i4, 6 G B}, 
5{A, B) = sup {d{a, b): aeA, beB} and 
H{A, B) = max {{sup d(a, S) : a e A}, {sup d{A, b): b e B}}. 
Notice that d{A, B) < H{A, B) < 8{A, B). 
The following properties will be extensively used while proving our results in 
Chapter 7. 
(022) <J(i4, B) = 0 if and only ]iA = B = {x} 
(a23) 5{A,B) = 5{B,A) 
(a24) 5{A,B)<5{A,C) + 5{C,B) 
It is well known ( cf. Kuratowski [104]) that CB{X) is a metric space with the 
distance H which is known as HausdorflF-Pompeiu metric on CB{X). 
Definition 1.5.2 [99]. Let Khe& nonempty closed subset of metric space {X, d). A 
mapping T :K -^ CB{X) is said to be continuous at Xo € /iT if for any c > 0, there 
exists a <J > 0 such that ff(Tx, Txo) < c, whenever d{x, Xo) <8.'iiT \s continuous 
at every point of K, then T is continuous on K. 
Lemma 1.5.1 [112]. Let A, B € CB{X) and fc > 1. Then for each a e A, there 
exists a point fe € B such that d{a, h) < kH{A, B). 
Lemma 1.5.2 [112]. Let A,B e CB{X) and aeA, then for any positive number 
q <l there exists b = b(a) in B such that q d(a, b) < H{A, B). 
Alternately, if a € i4 and e> 0 then using above lemma, one can always find be B 
such that d(a, 6) < H{A, B) + e (cf. [112]). 
Lemma 1.5.3 [49]. Let {An} and {B„} be two sequences in CB{X) both converg-
ing in CB{X) to the sets A and B respectively. Then 
Um(J(A„,S„) = <J(A,S). 
Definition 1.5.3. A multi-valued map F : X -^ X ]s said to have a fixed point if 
the point belongs to its image set (i.e. z € F{z) for some z € X). 
Theorem 1.5.1 [112]. Every multi-valued contraction mapping on a complete 
metric space has a fixed point. 
§ 1.6. We£ik conditions of commutativity 
In this section, we discuss definitions narrating weak conditions of commuta-
tivity which were employed to improve commutativity conditions in various com-
mon fixed point theorems. This tradition of improving commutativity conditions 
in common fixed point theorems was initiated by Sessa[150]. His work has indeed 
inspired various researchers of the domain to introduce several weak commutativ-
ity conditions namely: weakly commuting mappings[57], compatible mappiiigs[58, 
9 
86], pointwise r— weakly commuting mappmgs[75, 114], coincidentally commuting 
mappings[75, 87], compatible mappings of type (A) [89], compatible mappings of 
type (B) [107], compatible mappings of type (P) [123], compatible mappings of type 
(C) [125], biased maps [83] and some others. It is not possible to mention all the 
existing weak conditions of commutativity. A comprehensive and lucid collections 
of such conditions and their interplay can be found in Murthy [111]- Here, we opt to 
record only those definitions which are relevant to the contents of the present work. 
In what follows, we first describe a definition for a pair of self mappings and then 
describe its adaptation to a pair of nonself mappings. 
Definition 1.6.1 [150]. Let F and T be mappings of a metric space {X,d) into 
itself. The pair (F,T) is said to be a weakly commuting if for all x G X, 
d{FTx,TFx)<d{Fx,Tx). 
Clearly, a commuting pair is weakly commuting but the converse is not necessarily 
true. Examples supporting this fact can be found in [150]. 
Motivated by Sessa[150], Hadzid[57] introduced the notion of weak commuta-
tivity for nonself mappings. 
Definition 1.6.2 [57]. Let K be a nonempty subset of a metric space {X,d) and 
let F, T : K -¥ X. The pair (F, T) is said to be weakly commuting if for every 
x,y € K with x — Fy and Ty 6 K, we have 
d{Tx,FTy)<d{Ty,Fy). 
Notice that for K = X, this definition reduces to that of Sessa [150]. 
Jungck [86] extended the concept of weak commutativity by defining compatible 
mappings in the following way. 
Definition 1.6.3 [86]. Let F and T be mappings from a metric space {X,d) into 
itself. The pair (F, T) is said to be compatible if 
^d{TFxn,FTxn) = 0 
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whenever {x„} is a sequence in X for which Um Fxn — lim Tx„ = z, for some 
2 € X . 
It is well known that two weakly commuting mappings are compatible, but the 
converse is not true. Some examples supporting this fact can be found in [86]. 
Inspired by Jungck[86], Hadzid and Gajic[58] gave the following definition of 
compatibility for nonself mappings. 
Definition 1.6.4 [58]. Let K he & nonempty subset of a metric space {X,d) and 
let F, T : K -¥ X. The pair {F, T) is said to be compatible if for every sequence 
{xn} C K and from the relation lim d{Fxn,Txn) = 0 and Txn € K (for every n G 
N), it follows that lim d(Tyn,FTxn) = 0 for every sequence {y„} C K such that 
n—¥oo 
Vn = Fxn, neN. 
Notice that for K = X^ this definition reduces to that of Jiuigck[86]. 
In 1994, Pant[114] generalized Definition 1.6.1 by defining r—weak commuta-
tivity which is given as below: 
Definition 1.6.5 [114]. Let F and T be mappings of a metric space {X,d) into 
itself. The pair (F, T) is said to be r— weakly commuting if for all x 6 X there 
exists a real niuuber r > 0 such that 
d{FTx,TFx) < T d{Fx,Tx). 
Motivated by Hadzic and Gajic[58], Imdad and Ktmiar[75] framed the following 
definition of r— weak commutativity for nonself mappings. 
Definition 1.6.6 [75]. Let i^ be a nonempty subset of a metric space {X, d) and 
let F, T : K -^ X. The pair (F,r) is said to be r-weakly commuting on K if for 
every y & K, there exists a real number r > 0 such that 
d{TFy,FTy) < r{y) d{Ty,Fy) 
provided that Ty, Fy e K. 
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Pant[114] further extended the notion of r— weak commutativity to pointwise 
r— weak commutativity for self mappings and gave the 
Definition 1.6.7 [114]. Let F and T be mappings of a metric space {X,d) into 
itself. The pair (JP, T) is said to be pointwise r— weakly commuting if for given 
X eX, there exists a real number r > 0 such that 
d{FTx,TFx) < r d{Fx,Tx). 
Later on, Imdad and Kim[iar[75] reformulated the Definition 1.6.7 for nonself 
mappings as follows: 
Definition 1.6.8 [75]. Let K he& nonempty subset of a metric space {X,d) and 
let F, T : K -¥ X. The pair {F, T) is said to be pointwise r-weakly commuting on 
K if for given y & K, there exists a real number r > 0 such that 
d(TFy,FTy)<r{y)d{Ty,Fy) 
provided that Ty, Fy € K. 
Let us remark that for r = 1 in Definition 1.6.8, we get the definition of weak 
commutativity on K due to Hadzic and Gajic [58] whereas for r = 1 and K = X,-we 
get the definition of weak commutativity due to Sessa [150]. Also by setting K = X, 
we get the definitions of pointwise r-weak commutativity and r-weak commutativity 
due to Pant [114]. Here it is worth noticing that compatible maps are necessarily 
pointwise r-weakly commuting because compatible maps conmiute at the points of 
coincidence but pointwise r-weakly commuting maps need not be compatible. The 
following simple example illustrates the situation better. 
Example 1.6.1. Let X = Rhe the set of reals equipped with usual metric and 
K = [0,1]. Define A,B : [0,1] ^ [f,f) C i2 as 
' ' 1 + ^ , i f O < x < l 
AE = {f , i f O < x < l and Bx = ' 
, 1 i f x ^ l . 
First, note that if x G [0, ;^] then Ax, Bx G [0,1] = K. One can show that (A,B) is 
not r-weakly commuting on [0, -^], for one cannot find r > 0 satisfying the definition 
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of r- weak commutativity. But, for some x G [0, -)s], one can always find some r > 0 
satisfying the definition of pointwise r-weak commutativity. For instance if we take 
\AB{^)-BA{^)\<r\A{^)-B{^)\ 
holds for all r > | , but the pair (A,B) is not compatible. To substantiate this, let 
us consider a sequence {x„} = {^^} C [0, -^] such that Um Ar„ = hm Bxn = | , 
with 
^J{AB{^IBA{^)) = 1, 
which violates the definition. Thus, this example reveals the fact that pointwise 
r-weak commutativity cannot always ensure compatibility as well as r-weak com-
mutativity. 
Jimgck and Rhoades[87] coined Definition 1.6.1 with minimal requirements once 
the existence of coincidence points are established. 
Definition 1.6.9 [87]. A pair of self mappings (F,T) on X is said to be coinciden-
tally commuting if both F and T are commuting at the points of coincidence of F 
a n d r . 
Motivated by Hadzic and Gajic[58], Imdad and Kumar[75] extended the Defin-
ition 1.6.9 for nonself mappings. 
Definition 1.6.10 [75]. A pair of nonself mappings (F, T) defined on a nonempty 
subset K oi& metric space (A", d) into X is said to be coincidentally commuting if 
Tx = Fx impUes FTx = TFx provided that Tx, Fx e K. 
Notice that for K = X, this definition reduces to corresponding definition due 
to Jungck and Rhoades [87] for self mappings. 
§ 1.7. Weak condition of commutativity for hybrid pairs 
In recent years vEirious hybrid fixed point theorems have been proved which in-
clude both self as well as nonself mappings. To mention a few, we cite Kaneko and 
Sessa[94], Hadzic[57], Hadzic and Gajic[58], Pathak[121], Imdad et al.[70], Khan[99], 
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Itoh[80], Huang and Cho[64], Dhage et al.[40], Ahmad and Khan [2], Itoh and Taka-
hashi[81], Ahmad and Imdad[l], Imdad and Ahmad [66], Ahmed and Rhoades[4] 
and others. In order to prove hybrid fixed point theorems, the adaptation of vari-
ous weak conmiutativity conditions is required. Here we state those definitions of 
weak commutativity for hybrid pairs of mappings discussed by several researchers 
in recent past which are useful in our ongoing discussion. 
Definition 1.7.1 [94]. Let (X,d) be a metric space and let F : X -^ CB{X), T : 
X -¥ X. The pair (F,r) is said to be weakly commuting if for every x € X, 
TFx e CB{X), 
d{TFx,FTx)<d{Fx,Tx). 
Motivated by Kanek> and Sessa[94], Hadzid[57] defined the following: 
Definition 1.7.2 [57]. Let AT be a nonempty subset of a metric space {X,d) and 
letT :K ^ X,F :K -)• CB{X). The pair (F, T) is said to be weakly commuting 
if for every x,y & K with x &Fy and Ty € K, we have 
d{Tx,FTy)<d{Ty,Fy). 
Kaneko and Sessa[94] further extended the notion of compatible maps for a 
hybrid pair. 
Definition 1.7.3 [94]. Let {X, d) be a metric space and let T : A" ^ A", F : X ^ 
CB{X). The pair {F,T) is said to be compatible if 
Umd(rFxn,Frxn) = 0 
n-»oo ^ ' 
whenever |a:„} is a sequence in X such that lim Fxn = lim Txn = x, for some 
*• •* n-foo n-foo 
xex. 
A similar definition (i.e. Definition 1.7.3) was given by Hadzi^ and Gajic[58] 
for nonself mappings. 
Definition 1.7.4 [58]. Let A" be a nonempty subset of a metric space (X,d) and 
iQtT : K -^ X,F : K -^ CB{X). The pair {F,T) is said to be compatible if for 
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every sequence {a:„} C K and from the relation 
hm d(Fxn,Txn) = 0 
n-*oo ^ 
and Txn G K (for every n e N), it follows that Urn d(Tyn, FTxn) = 0, for every 
sequence {2/„} C K such that j/„ G Fxn, n€N. 
Recall that for hybrid pairs of self type mappings, these definitions were intro-
duced by Kaneko and Sessa [94]. 
Definition 1.7.5 [70]. Let iif be a nonempty subset of a metric space {X, d) and 
let r : A" -)• A", F : A" -)• CB{X). The pair (F,T) is said to be weakly compatible 
]STx = {Fy} implies that TFx = FTx provided that xeFyaadTye K. 
Let us recall the following definition due to Imdad et al.[70] 
Definition 1.7.6 [70, 81]. Let {X,d) be a metric space and let F : X -i^ 
CB{X), T : X -^ X. The pair {F, T) is said to be quasi-commuting if for any 
xeX, TFx C FTx. 
Motivated from Definition 1.7.6, Imdad et al.[70] (also Singh and Mishra [155]) 
gave the following: 
Definition 1.7.7 [70]. Let K he & nonempty subset of a metric space {X,d) and 
letT:K-i^X,F:K-^ CB{X). The pair (F, T) is said to be quasi-coincidentally 
commuting if for all coincidence points x of (T, F), TFx c FTx whenever Fx d K 
and Tx G iir for all a; G K. 
Definition 1.7.8 [70]. A mapping T : K -^ X\s said to be coincidentally idempo-
tent w.r.t a mapping F : K —¥ CB{X) if T is idempotent at the coincidence points 
of the pair (F, r ) . 
§ 1.8. Metric convexity and fixed points 
In 1928, K. Menger[108] introduced the following concept of metric convexity . 
Definition 1.8.1 [108]. A metric space {X, p) is said to be metrically convex if for 
any x,y e X with x^y, there exists a point Z G X , xj^z^y such that 
p{x,z)+p{z,y)=p{x,y), 
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where z lies between x and y and denote this facts by the symbol {xzy). 
Here we quote two useful lemmas which will be required in our studies. 
Lemma 1.8.1 [108]. Let {X,p) be a complete metric space with x,y E X,x ^y, 
and let 
Bix,y) = {z e X : {xzy)}, 
S = S{x, y, X) = {ze B{x, y): p(x, 2) < A} U {x}, 0 < A < p{x, y). 
Then there exists a point ZA G A" such that 
(025) zxeS{x,y,X), 
(a26) u G B(x,y) and (xzxu) impUes pix,u) > A. 
Lemma 1.8.2 [108]. Let X be complete and convex, x,y eX, x^y and suppose 
0 < A < p{x,y). Then there exists z* eX such that {xz^y) and p{x,2/) = A. 
Using Lemmas 1.8.1 and 1.8.2, Menger[108] prove the following fundamental 
theorem of metric convexity. 
Theorem 1.8.1 [108]. If {X,p) is a complete and metrically convex metric space, 
then any two points x,y E X are joined by a metric segment, i.e., there exists an 
isometry 0 : [0, p{x, y)] -¥ X with <^ (0) = x and 0(p(x, y)) = y. 
In 1972, Assad and Kirk[7] initiated the study of fixed point theorems for non-
self mappings in metrically convex spaces. The following lemma and theorem will 
be referred to in course of our subsequent discussion. However, for the sake of 
completeness, we also include the definition of the boimdary of a set in a metric 
space. 
Definition 1.8.2. Let K he a nonempty subset of a metric space (X,d). A point 
X E X is said to be the boundary point of A" if a: is neither an interior point of K nor 
an exterior point of /(T. (In other words, x G X is said to be a boundary point of K 
if every open sphere centered on x intersects both K and (X — K)). The boundary 
of K will be denoted by 6K. 
Lemma 1.8.3 [7]. Let /if be a nonempty closed subset of a metrically convex metric 
space X.U x E K and y ^ K, then there exists a point z G 6K (the boundary of 
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K) such that 
d{x, z) + d{z, y) = d(x, y). 
Theorem 1.8.2 [7]. Let X he a complete and convex metric space, A" be a non-
empty closed subset of X and F be a contraction mapping from K into CB{X). If 
FxcK for each x € 6K then there exists z^K such that z G F{z). 
In recent years Theorem 1.8.2 (due to Assad and Kirk[7]) has been generalized 
and improved in various ways and by now there exist considerable Uterature around 
it. To mention a few, we cite Rhoades[139, 140], Khan [99], Assad[9], Imdad et 
al.[70], Ahmad and Imdad[l, 3], Ahmad and Khan[2], Ahmed and Rhoades[4], Dhage 
[38], Dhage et al.[40], Huang and Cho [64] and others. Apart from the results on 
multi-valued or hybrid pairs some interesting fixed point theorems for single valued 
mappings are proved which includes Rhoades[133], Imdad and K\unar[75], Khan 
et al.[102], Assad [9] and others. The results on single valued mappings of this 
thesis revolve around the results contained in Khan et al.[102]. Khan et al.[101] 
and Rhoades [133] whose statements will be included in Chapters 2, 3, 4, 5 and 6 
keeping in view the readability and completeness of the description whereas results 
on hybrid family of mappings are inspired by Imdad et al.[70], Huang and Cho[64], 
Dhage et al.[40] and others. 
Finally, we conclude this chapter by recalling two miscellaneous definitions 
which will be required in the subsequent disciission. 
Definition 1.8.3 [41]. A subset K oi & linear space X is said to be starshaped 
if there exists at least one point p € K such that for each x € K and t e (0,1), 
(1 - t)p + txeK. 
Definition 1.8.4 [41]. Let Xhe& normed linear space and iiT be a nonempty subset 
of X. A mapping T : K -^ X is said to be demiclosed if {xn} Q K,Xn -^ x e K 
and Txn -^y eX implies Tx = y. 
Notice that —^  {—^) denotes weak (strong) convergence. 
• • • • • 
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CHAPTER 2 
COMMON FIXED POINT THEOREMS 
FOR A FAMILY OF SINGLE VALUED 
MAPPINGS 
CHAPTER 2 
Common fixed point theorems for a family of 
single valued mappings ^ 
§ 2.1. Introduction 
The esxisting literature on fixed point theory contains numerous fixed point the-
orems for self mappings in metric and Banach spaces but the fixed point theorems 
for nonself mappings have not been much discussed. Practically speaking, there 
do exist many situations where mappings under considerations are not self maps. 
Therefore study on fixed point theorems for nonself mappings is worth investigating. 
The study of fixed point theorems for nonself mappings in metrically convex metric 
spaces was initiated by Assad and Kirk [7]. Indeed while doing so, Assad and Kirk 
[7] noticed that with the use of metric convexity in metric spaces due to Menger 
[108] domain and range of the mappings under considerations can be of more varied 
type. In recent years, this technique has also been utilized by many researchers for 
proving results on single valued mappings. In this regard, one is referred to the 
work of Rhoades[133], Assad[8], Imdad and Kumar[75], Khan et al.[102]. Khan and 
Bharadwaj [98] and others. In fact, Assad [8] proved some fixed point theorems for 
nonself mappings defined on a closed subset of complete metrically convex metric 
spaces satisfying Kannan type mappings (cf.[96]) which have been further general-
ized by Khan et al.[102]. The results of this chapter are the outcome of our efforts 
to improve Theorem 1 due to Khan et al.[102] (i.e. Theorem 2.2.1 below). 
In this chapter, our endeavor is to prove fixed point theorems for a family of 
nonself mappings in metrically convex spaces using certain weak conditions of com-
mutativily which include results with continuity and without continuity require-
ments of the involved maps besides proving some other related results. In doing so, 
we are essentially motivated by Sessa et al.[152]. Here, it may be noted that several 
existing results due to Khan et al.[102], Khan and Bharadwaj [98], Chatterjea[27], 
^Two research papers based on contents of the present chapter have ah-eady been 
accepted in 'Journal of Applied Mathematics and Commuting' and 'Nonlinear Analy-
sis Forum'. 
Bianchini{15] and others can be rendered as corollaries to our theorems of the present 
chapter. In order to demonstrate the genuineness of ovir results we discuss two illus-
trative examples which establish the utiUty of our results. We conclude this chapter 
by presenting a sample that how the results of this chapter can be appUed to prove 
other related fixed point theorems. 
§ 2.2. Results with continuity 
In the present section, we prove some common fixed point theorems for a fam-
ily of nonself mappings which satisfies contraction condition involving a family of 
mappings patterned after Khan et al.[102]. For the sake of completeness, we opt to 
state the following theorem due to Khan et al.[102]. 
Theorem 2.2.1 [102]. Let {X,d) be a complete metrically convex metric space 
and K he& nonempty closed subset of X. Let T : A" ^ X be a mapping satisfying 
the inequality: 
d{Tx, Ty) < a max{d{x, Tx), d{y, Ty)} + b {d{x, Ty) -I- d(y, Tx)} (2.2.1.1) 
for every x,y E K, where a and 6 are non-negative reals such that 
' max{f^„j:^} = h>0, 
max {^/i, j^,h} = h', (2.2.1.2) 
Tnax{h,h'} = h" < 1. 
Further, if for every x G 6K, Tx € K, then T has a unique fixed point in K. 
Now, we state and prove our main result as follows: 
Theorem 2.2.2. Let {X, d) be a complete metrically convex metric space and K 
a nonempty closed subset of X. Let {F„}^i, S,T : K —^ X he nonself mappings 
which satisfy 
d{Fiix),Fj{y)) < a max{ld{Tx,Sy),diTx,Fi(x)),diSy,Fjiy))} 
+ b {d{Tx, Fiiy)) + d{Fi{x), Sy)}, (2.2.2.1) 
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where i = 2n~l, j = 2n, (n G N), i / j for all x, y G X with x ^^y, a, 6 > 0, such 
that 
maa;{(f±t). (i^)(fS), ( ^ ) ( S ) } < 1- (2.2.2.2) 
Suppose that 
(6i) SKCSKnTK,Fi{K)nKCSK,Fj{K)nKCTK, 
(62) TxeSK=i^ Fi{x) eK,Sxe6K=i^ Fj{x) G K, 
(h) {Fi, T) and {Fj, S) are pointwise r— weakly commuting pairs, 
(64) {Fn}, S and T are continuous on K. 
Then {F„}, 5 and T have a unique common fixed point. 
Proof. Firstly, we proceed to construct two sequences {xn} and {y„} in the following 
way. 
Let X G SK. Then ( due to 6K C TK ) there exists a point XQ E K such 
that X = TXQ. Since Tx e SK => Fj(x) G i^ for every odd mteger {i e N ) , one 
concludes that FI(XQ) e Fi{K)nK C SK. Let Xi e K be such that j/i = Sxi = 
Fi(a^o) G K. Since yi = Fi(xo), there exists a point ya = F2{xi) such that 
%i,y2)=d(Fi(xo),F2(xi)). 
Suppose ya G /f. Then ya G F2{K) D K C TK which implies that there exists a 
point X2^ K such that ya = Tx2. Otherwise if ya ^ iiT, there exists a point p G (JiC 
such that 
d{Sxup) + d(p, ya) = d(5xi, ya). 
Since p G ^ii" C TK, there exists a point X2£ K with p = Tx2 so that 
d(Sxi,Tx2) + d(Tx2,y2) = d(Sxi,y2). 
Let ya = Fs{x2) be such that 
%2,?/3) = d(F2(a;i),F3(a;2)). 
Thus, repeating the foregoing axgimients, we obtain two sequences {xn} and {y„} 
such that 
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(fcs) 2/2n = F2nix2n-i) for eveiy (n G iV), yjn+i = i^ 2n+i(2:2n) for every {n e NQ = 
NU{0}), 
(be) y2n^K=^y2n = Tx2n or y2n^K=> Tx2n e SK and 
d{SX2n-l,TX2n) + d{TX2n,y2n) = rf(5x2n-l, y2n), 
(67) y2n+l eK=> y2n+l = Sx2n+1 01 y2n+l ^ K =^ Sx2n+1 G '^A' and 
d{TX2n, SX2n+l) + d{SX2n+l,y2n+l) = d{TX2n,y2ti+l)-
We denote 
Fo = {Tx2i € {Txan} : Tx2i = y2i}, 
A = {Tx2i € {Taran} : Tx^ ^ y^}, 
(5o = {'S'Xat+l € {Sx2n+l} • SX2i+l = J/2t+l}, 
Ql = {S'Xai+l 6 {SX2n+l} '• SX2i+l ^ y2t+l}-
Note that {Tx2n, Sx2n+i) ^  Pi x Qi because if Tx2n ^ Pi, then t/2n 7^  ^aran and 
one infers that Tx2n € SK which implies that 2/2n+i = P2n+iix2n) & K. Hence 
y2n+i = •S'xan+i G Qo- Similarly, one can argue that {Sx2n-uTx2n) ^Qx x Pi-
Now, we distinguish the following three cases. 
Case 1. If {Tx2n, Sx2n+i) e Po X Qo, then 
d{TX2n,SX2n+l) = d{F2n+l{X2n), F2n{X2n-l)) 
< a Tnax{ld(Tx2n, 5x2n- l ) , d{TX2n, F2n+lix2n)), 
d{SX2n-l,F2niX2n-l))} +b {d{TX2n,F2niX2n-l)) 
+ d{SX2n-l,F2n+l{X2n))} 
= a Tnax{^d(y2n, y2n~i), d(y2n, y2n+i), d(y2n-i, t/2n)} 
+ b {d(y2n-l, y2n) + d(y2n, y2n+l)}. 
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If we suppose that d(y2n-i,y2n) < rf(y2n, J/2n+i), then one obtains 
d(rx2n, Sx2n+i) < (a + 2b)d{y^, yan+i) 
which is a contradiction. On the other hand if d(y2n,y2n+i) < d(y2n-i,y2n), then 
one obtains 
d{TX2n, SX2n+l) < (« + b)d{y2n, Vin-l) + W(y2n, y2n+l) 
which in turn yields 
d{TX2n,Sx2n+l) < ( f ^ ) d ( 5 x 2 n - l , TXan)-
Similarly, if {Sx2n-i,Tx2n) € Qo x Po, then 
d{SX2n-l,TX2n) < ( ^ ) d ( 5 x 2 n _ l , T x 2 r , _ 2 ) . 
Case 2. If (rx2n, 5a;2n+i) € Fo x Qi, then 
d{TX2n, Sx2n+l) + d(5'X2n+l,y2n+l) = d{TX2n,y2n+l), 
which in turn yields 
d{TX2n, SX2n+l) < d{Tx2n,y2n+l) = d(y2n,y2n+l), 
and hence 
d(TX2n,SX2n+l) < d(y2n,y2n+l) = d(F2n+l(x2n), F2n(x2n-l))• 
Now, proceeding as in Case 1, we have 
d{TX2n,SX2n+l) < { ^ ) d(Sx2n-l,TX2n). 
Sunilarly, if {Sx2n-i,Tx2n) € Qi x Po, then 
d{Sx2n-uTX2n) < (j^) d{Sx2n-l,TX2n-2)• 
Case 3. If (Tx2n, Sx2n+i) € Fi X Qo, then Sx2n-\ = y2n-i- Proceeding as in Case 
1, one obtains 
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d{TX2n,SX2n+l) = d{TX2n,y2n+l) 
< d{TX2n,y2n) + d{y2n,y2n+l) 
< d{TX2n,y2n) + d{F2n+l{X2n),F2n(.X2n-l)) 
< d(TX2n, ytn) + a max{\d{TX2n, SX2n-l), d{TX2n, -P2n+l(a:2n)), 
d{SX2n-U F2n{X2n-l))} + b {d(Tx2n, F2n{x2n-l)) 
+ d{SX2n-l,F2n+l{x2n))} 
< d(TX2n,y2n) + a max{ld{TX2n, SX2n-l), d{TX2n,y2n+l), 
d{SX2n-l, y2n)} + & {d{Tx2n, y2n) + d{SX2n-U Van+l)}-
Since 
d{SX2n-l,TX2n) + d{TX2n,y2n) = d{SX2n-l,y2n), 
therefore 
d{TX2n,Sx2n+l) < d{SX2n-Uy2n) + O- max{d{SX2n-l,y2n),d(TX2n,y2n+l)} 
+ b {d{TX2n, y2n) + d(l/2n-l, Tx2n) + d{TX2„, y2n+l)} 
< d{SX2n-l,y2n) + d max{d{SX2n-l, J/2n), d(Tx2n, y2n+l)} 
+ b {d{y2n, y2n-\) + d{TX2n, J/2n+l)} 
which in turn jdelds 
' ( i ^ ) d ( 5 X 2 n - l , y2n), if % 2 „ - l , y2n) > d{Tx2n, 2/2n+l), 
d{TX2n,SX2n+l)<\ 
. ( irfe)<i('5a;2n-l ,y2n),if % 2 n - l , y 2 n ) < d{TX2n,y2n-^\)-
Now, proceeding as earlier, one also obtains 
d{SX2n-l,y2n) < {^)d{Sx2n-uTX2r,-2). 
Therefore on combining the above inequalities, we have 
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d{TX2n,SX2n+x) < m a x { ( ^ ) ( f ± | ) , ( l ^ ) ( f ± | ) } diSX2n-uTX2n-2). 
Thus, in all cases, we have 
d{Tx2n,SX2„+l) < k max{d{SX2n-l,TX2n),d{TX2n-2,Sx2n-l)} 
whereas 
d{SX2n+l,TX2n+2) < k Tnax{d{SX2n-l,TX2n),d{TX2n, Sx2n+l)}-
where k = max{(f3), ( T ^ ) ( f 3 ) , ( 4 ^ ) ( f 3 ) } < 1. It can be shown by mduc-
tion that forn > 1 
diTx2n,Sx2n+i) < k^""^ max{d{Txo,Sxi),d{Sxi,Tx2)} 
and 
d{Sx2n+uTx2n+2) < k^" max{d{Sxi,Tx2),d{Txo,Sxi)}. 
Now, for any positive integer p, we have 
d{TX2n, SX2n+p) = d{TX2n, Sx2n+l) + d{SX2n+l,TX2n+2) + - + d{TX2n+p-l, Sx2n+p) 
< {1 + fc + fc2 +... + ifcp-i}fc2n max{d(rxo, Sxi), d(5xi,Txa)}, 
< { g } max{d{Txo,Sxi),d{SxuTx2)} 
which shows that the sequence {rxo,5xi,rx2,'S'z3,...,5a;2n-i>^a;2n,'S'x2n+i>-} is 
Cauchy. Then as noted in [58] there exists at least one subsequence {rx2nfc} or 
{Sx2nk+i} which is contained in Po or Qo respectively and finds its Umit z ^ K. 
Further, subsequences {rx2nfc} and {5x2nfc+i} both converge to zeKasKisa 
closed subset of complete metric space (X,d). Since rx2nt = -^(^snt-i) for every 
even integer j £ N and {5x2,^-1} C K. Using pointwise r— weak commutativity of 
(Fj, S), we have 
d{SFj{x2n,-l), Fj{SX2n,-l)) < H d(F , (x2„ ,_ i ) , 5 x 2 n , - l ) (2.2.2.3) 
for every even integer j E N with some real ri > 0. Also 
d{SFj{X2r.,-l),Fj{z)) < d{SFj{x2n,-l),Fj{SX2n,-l))+d{Fj(Sx2n,-l),Fj{z)). 
(2.2.2.4) 
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On letting fe -> oo in (2.2.2.3) and (2.2.2.4) and using continuity of Fj and S, we 
get d{Sz, Fj(z)) < 0 yielding thereby Fj{z) = Sz for every even integer j e N. 
Since y^n^+i = Fi(x2nk) and {Txzn^} C K, the pointwise r— weak commutativ-
ity of (Fi,r) implies 
d(TFi(X2nJ,Fi (rX2„J) < ra d ( F i ( x 2 „ J , r X 2 n J 
for every odd integer iE N with some real r2 > 0, besides 
d{TFi{x2n,),Fiiz)) < d{TFi{x2n,),Fi{TX2n,))+d{Fi{TX2n,),Fi{z)). 
Therefore, as previously, the continuity of Fi and T implies d{Tz,Fi{z)) < 0 
which gives Tz = Fi{z) ask-¥oo, for every odd integer ie N. 
Now, consider 
d{Tz,Sz) = diFi{z),Fj{z)) 
< a maxQd{Tz, Sz), d{Tz, Fi{z)\ d{Sz, Fj{z))} 
+ b{d{Tz,Fj{z)) + d{Sz,Fi{z))} 
= a max{\d{Tz, Sz), 0,0} + 6 {d{Tz, Sz) + d{Tz, Sz)} 
= i^ + 2b)diTz,Sz) 
yielding thereby Tz = Sz which shows that 2 is a common coincidence point of the 
maps Fn, S and T. 
Next, to prove that z is the fixed point of T, consider 
d{TX2n„Tz) = d{Fi{z),Fi{x2n,-l)) 
< a maxqd{Tz, Sx2n,-i), d{Tz, Fi{z)), d{Sx2n,-x, Fj{x2n,-i))} 
+ 6 {d{Tz, Fj{x2n,-i)) + d{Sx2n,-l, Fi{z))} 
which on letting A; ^ oo, reduces to 
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d(z,Tz) < a maxQd{Tz, z), 0,0} + 6 {d{z, Tz) + d{z, Tz)} 
<(f + 26)d(z,Tz) 
implying thereby z = Tz which shows that z is the common fixed point of {Fn}, S 
andr . 
The wiiqueness of the common fixed point follows easily due to contraction 
condition (2.2.2.1). This completes the proof. 
With a view to simplify three different requirements on control constants as 
embodied in (2.2.2.2), we replace it by a single condition 2a + 36 < 1. Therefore we 
can have the 
Theorem 2.2.3. Theorem 2.2.2 remains true if we replace (2.2.2.2) by 2a + 36 < 1 
(retaining the rest of the hypotheses). 
Proof. In order to prove the theorem, one is required to show that 2a + 36 < 1 
imphes (2.2.2.2). To do this, consider 
2a + 3 6 < l = ^ a + 6 + a + 2 6 < l , 
or, a + 6 + o6 - a6 + 6^  - 6^  + a + 26 < 1, 
or, a + 6 + a6 + 6^  < 1 + a6 + 6^  - a - 26, 
(St) ( i ^ ) < 1-
Also, one can write 
2a + 36 < 1 + a^  + 2a6, 
or, 6 + 6^  < 1 + a^  + 6^  - 2a + 2a6 - 26, 
or, ii(l + 6) < (1 - 6 - af, 
(l=b) (l^) < 1-
Finally, 2a + 36 < 1 =i> a + 26 < 1 => (f^) < 1. This concludes the proof. 
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Remark 2.2.1. Let us point out that replacing (2.2.2.2) by 2a + 36 < 1 is not 
fruitful as it lessens the generahty of the contraction condition. Notice that with 
a = 0,2a + 3b<l=^b<^ whereas (2.2.2.2) implies 6 < ^. Thus an analogue to a 
theorem Chatterjea [27] to the present nonself setting can be derived from Theorem 
2.2.2 but not from Theorem 2.2.3. Similar arguments can be made in case we choose 
6 = 0. 
Before proving further results, we deduce several results in the form of corollaries 
by choosing Fn, S and T suitably. It is interesting to note that even some of our 
corollaries are seeming new to the existing literature. 
Firstly, by setting i^ ^ = F ( for all n G AT) and 5 = T in Theorem 2.2.2, we 
deduce the following corollary involving a pair of nonself single valued mappings. 
Corollary 2.2.1. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X with F,T : K -¥ X satisfying 
d{Fx,Fy) < a max{ld{Tx,Ty),d{Tx,Fx),d{Ty,Fy)} 
+ b{d(Tx,Fy) + d{Ty,Fx)} 
and (2.2.2.2) for every x,y e K with xj^y, a, 6 > 0. Suppose that 
ih) SK CTK,FKnKC TK, 
(69) Txe8K=^Fxe K, 
(610) {F, T) is pointwise r— weakly commuting pair, 
(611) T and F are continuous on K. 
Then F and T have a imique common fixed point. 
Secondly, by setting Fi = F { for every odd integer i E N ) , Fj = G { iov 
every even integer j E N ) and 5 = T in Theorem 2.2.2, we deduce a corollary 
involving three nonself single valued mappings which appears new in the hterature 
and is stated as follows: 
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Corollary 2.2.2. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F,G,T : K -^ X satisfying 
d{Fx, Gy) < a max{\d{Tx, Ty), d{Tx, Fx), d(Ty, Gy)} 
+ h{d{Tx,Gy) + d{Ty,Fx)} 
and (2.2.2.2) for every x,y e K with x^y, a,6 > 0. Suppose that 
(612) SK C TK,{FKUGK)nKCTK, 
(613) TxeSK=^ Fx, Gx € K, 
(614) F, G and T are continuous on K. 
Moreover, if 7" is pointwise r— weakly commuting with each F and G, then F, G 
and T have a unique common fixed point. 
Finally, by setting Fi = F { for every odd integer i e N ) and Fj = G ( for 
every even integer j e N ) ia Theorem 2.2.2, we deduce the following corollary 
involving foiu: nonself mappings which is stated as follows: 
Corollary 2.2.3. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F,G,T,S : K -> X satisfying 
d{Fx,Gy) < a maxQd{Tx,Sy),d{Tx,Fx),d{Sy,Gy)} 
+ b{d{Tx,Gy) + d{Sy,Fx)} 
and (2.2.2.2) for every x,y E K with x^y, a,6 > 0. Suppose that 
(615) 6KCSKnTK,FKnKCSK,GKnKCTK, 
(feie) Tx e SK =^ Fx e K,Sx eSK=i^GxeK, 
(617) (F, T) and (G, S) are pointwise r— weakly commuting pairs, 
(he,) F, G, S and T are continuous on K. 
Then F, G, S and T have a unique common fixed point. 
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We prove our next theorem by replacing 'pointwise r - weak commutativity' 
with 'compatibility' for the corresponding pans. 
Theorem 2.2.4. Let {X,d) be a complete metrically convex metric space and 
K he a nonempty closed subset of X. Let {F„}^i , S, T : K -^ X satisfying 
(2.2.2.1), (2.2.2.2), (61), (62) and (64)- Suppose that 
(619) {Fi,T) and (Fj,S) are compatible pairs. 
Then {F„}, S and T have a unique common fixed point. 
Proof. Following the lines of the proof of Theorem 2.2.2, we assimie as earUer that 
there exists at least one subsequence {Tx2nt} or {5x2Tifc+i} which is contained in 
Po or Qo respectively. Suppose that there exists a subsequence {Tx2nk} which is 
contained in Po for each k & N, converging to z. On using compatibihty of {Fj,S), 
we have 
hm d{Sx2nk-i, Fj{x2n^-i)) = 0 for every even integer j E N 
which implies that 
^d{STx2n„Fj{Sx2n,-l)) = 0. 
Further, on using the continuity of S and Fj, one obtains Sz — Fj{z) for every even 
integer j e N. Similarly the continuity of T and Fi imphes Tz = Fi{z) for every odd 
integer i E N. U we assume that there exists a subsequence {8x211^+1} contained 
in Qo, then analogous argmnents establish the ear her conclusions. The rest of the 
proof is identical to that of Theorem 2.2.2, hence it is omitted. This completes the 
proof. 
In an attempt to prove Theorem 2.2.2 for weakly commuting pairs of maps, we 
note that the continuity of any one of the involved maps can serve our purpose. In 
fact the following holds: 
Theorem 2.2.5. Let {X,d) be a complete metrically convex metric space and 
K he a. nonempty closed subset of X. Let {F„}^i , S, T : K -^ X satisfying 
(2.2.2.1), (2.2.2.2), (61) and (62). Suppose that 
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(620) (Ft, T) and {Fj, S) are weakly commuting pairs, 
(621) either 5 or T is continuous on K. 
Then {F„}, S and T have a imique common fixed point. 
Proof. Following the lines of the proof of Theorem 2.2.2, we assiune that there 
exists at least one subsequence {Txink} or {Sx2nt+i} which is contained in Po or Qo 
respectively and converge to z € AT. Suppose that S is continuous and there exists 
a subsequence {Tx^n^} which is contained in Po for each k e N, then {STx^n^} 
converges to Sz. On using weak commutativity of {Fj, S), one can write 
d{STX2a,,Fj{Sx2n,-l)) < d{Fj{x2n,-l),SX2n,-l) 
for every even integer j e N which on letting k-¥ 00 reduces to 
d{Sz,Fj{Sx2nk-i))-^^ for every even integer J e N. 
Now, in order to show that Sz = z, consider 
d(Fi(x2nJ, Fi{Sx2n,.l)) < a max{ldiTx2n„ SSx2n,-l), d{Tx2n,,Fi{x2n,)), 
diSSX2n,-U Fi(5x2n,- l ))} + 6 {d{TX2n„ Fj{SX2n,.l)) 
+ d(SSX2n,-uFi(X2n,))} 
which on letting k-> oo, reduces to 
d{z, Sz) < a max{ld(z, Sz), 0,0} + 6 {d{z, Sz) + d{z, Sz)} 
<i^ + 2b)d(z,Sz) 
implying thereby z = Sz. Further, one can consider 
diFi{X2n,),Fiiz)) < a max{^d{TX2n,,Sz),d{TX2n,,Fi{X2n,)),d{Sz,Fj{z))} 
+ b {diTX2n„Fj(z)) + d(Sz, Fiix2n,))} 
which on letting k —^ oo, reduces to 
d(z, Fj{z)) < a max{0,0, d{z, Fj{z))} + b {d{z, Fj{z)) + 0} 
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<{a + b)diz,Fj{z)) 
implying thereby z = Fj{z) for every even integer j € N, which means that z is 
in the range of Fj. Then, from the relation Fj{K) OK C TK, there exists a point 
z ^K such that Tz = z. Now 
d{Fi{z),z) = d{Fi{z),Fj{z)) 
< a max{ld{Tz ,Sz),d{Tz\Fi{z')\d{Sz,Fj{z))} 
+ b{d{Tz\Fi{z)) + d{Sz,Fi{z'))} 
< a max{0, d{z, Fi{z')), 0} + 6 {0 + d(z, Fi{z))} 
<{a + b)d{z,Fi{z)) 
implying thereby z = Fi{z') for every odd integer i e N which, in turn, yields 
z = Fi(z') = Tz. Also, one can write 
d{Fi{z),T{Fi{z))) = diFi{Tz),TFi{z')) < d{Fi{z'),Tz') 
yielding thereby Fi{z) = Tz for every odd integer i^ N. 
Moreover, in order to show that Fi{z) = z, consider 
d{Fi{z),z) = d{Fi{z),Fj{z)) < a max{\d{Tz,Sz),d{Tz,Fi{z)),d{Sz,Fj{z))} 
+ b{d{Tz,Fj{z))+d{Sz,Fi{z))} 
< I d{Fi{z), z) + b {d{Fi{zl z) + d{z, Fi{z))} 
< ( f + 26)d(F,(z),z) 
implying thereby z = Fi{z) for every odd integer i € N. Thus we obtain Fi{z) = 
z = Fj{z) = Tz = Sz. Hence z is the common fixed point of {F„}, S and T. A 
similar proof can be outlined if one assumes the continuity of T. In case {Sx2ni,+i} 
is contained in Qo, the proof goes on similar lines hence the details are avoided. 
The uniqueness of common fixed points of the pairs (Fi,T) and (Fj, S) are obvious 
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in view of contraction condition (2.2.2.1). This completes the proof. 
We conclude this section by proving a result for maps whose domain is a compact 
subset of the underlying space {X, d). 
Theorem 2.2.6. Let {X, cO be a complete metrically convex metric space and K 
be a nonempty compact subset of X. Let {F„}^i,T : K -^ X satisfying 
(622) SK C TK, {Fi{K) U FjiK)) nKCTK, 
(623) Tx € 61C =^ Fi(x), Fj{x) € K with 
cI{Fi{x),Fj{y)) < M{x,y), M{x,y) >OJOT a31x,y e K where 
M{x,y) = a max{ld{Tx,Ty), d{Tx, Fiix)), d{Ty, Fj{y))} 
+ b {d{Tx, Fj(y)) + d{Ty, Fi{x))} (2.2.6.1) 
for all rr, y G A" with x^y, and a, b are non-negative reals such that 
maa;{(f±|), ( i ^ ) ( ? ^ ) , (iS^)(f3)} < 1- (2.2.6.2) 
If r is compatible with {F„} (n e N) along with {F„} and T be continuous on K, 
then {Fn} and T have a imique common fixed point. 
Proof. We assert that M{x, y) = 0 for some x,y e K. Otherwise M{x, y) / 0, for 
a^y x,y e K implies that 
M{x,y) 
is continuous and satisfies f{x,y) <1 for all (x,y) e KxK. Since KxK is compact, 
there exists {u,v) G K x K such that f{x,y) < f{u,v) = c < 1 for x,y e K, which 
in turn yields d{Fi{x),Fj{y)) < c M{x,y) for x,y E K and 0 < c < 1. Therefore 
using (2.2.6.1), one obtains 
max{(fif ) , ( ^ : S f e ) ( f g ) , ( l ± ^ ) ( ^ ) } < 1. 
Now by Theorem 2.2.4 (with restriction S = T), one gets Tz = Fi{z) for every 
odd integer i e N and Tz = Fj{z) for every even integer j £ N and for some 
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z e K. Consequently M{z, z) = 0, contradicting the fact M{x, y) > 0. Therefore 
M{x,y) =0 for some x,y e K which impUes Tx = Fi{x) for every odd integer (i G 
N) and Tx = Ty = Fj{y) for every even integer {j e N).U M{x, x) = 0 then Tx = 
Fj{x) for every even integer {j 6 iV) and if M{x,x) ^ 0 then using (2.2.6.1), one 
infers that d{Tx, Fjix)) < 0 yielding thereby Tx = Fj{x) for every even integer (j e 
N). Similarly, in either of the cases M{y,y) = 0 or M{y,y) > 0, one concludes that 
Ty = Fi{y) for every odd integer {i € N). The rest of the proof is identical to that 
of Theorem 2.2.2, hence it is omitted. This completes the proof. 
Remark 2.2.2. While proving Theorem 2.2.6 the following question remains unre-
solved: Does Theorem 2.2.6 hold for {F„}, S and T mstead of {F„} and T? 
In particular, by setting Fi = F (for every odd integer i e N), Fj = G (for 
every even integer j G N) and T = /^ in Theorem 2.2.6, we deduce the corollary 
for a pair of nonself single valued mappings which runs as follows: 
Corollary 2.2.4. Let {X,d) be a complete metrically convex metric space and K 
be a nonempty compact subset of X. Let F,G : K —^ X satisfying: 
(624) xeSK=i' Fx, Gx G K, 
(^5) F and G are continuous on K, and 
ci{Fx, Gy) < a max{|d(x,y), d{x, Fx), d{y, Gy)} + b {d{x, Gy) + d(y, Fx)} 
for all X, y G /r with x ^ y, a, 6 > 0 such that (2.2.6.2) holds. Then the pair (F, G) 
has a tmique common fixed point in K. 
§ 2.3. Results without continuity 
In this section, our aim is to prove a common fixed point theorem without 
continuity requirements wherein the following facts can be noticed. 
(&26) Upto coincidence points the continuity requirements of the maps are com-
pletely relaxed whenever the closedness of TK and SK{ox Fi{K) and Fj{K)) 
are hypothesized. 
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(627) The commutativity requirements of the maps are minimized to coincidence 
points. 
Here, we point out that an appreciable number of fixed point theorems can be 
improved by utilizing this idea. In this regard, we prove the following: 
Theorem 2.3.1. Let {X,d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let {F„}^i,S,T : K ^ X satisfying (2.2.2.1), 
(61) and (62). Suppose that 
(628) TK and SK are closed subspaces of X. Then 
(629) {Fi, T) has a point of coincidence, 
(630) {Fj, S) has a point of coincidence. 
Moreover, if the pairs {Fi,T) and {Fj,S) are coincidentally commuting, then 
{F„}, S and T have a unique common fixed point. 
Proof. FoDowing the lines of the proof of Theorem 2.2.2, one assumes that there 
exists a subsequence {Txan^} which is contained in Po- Since TK as well as SK 
are closed subspaces of X and {Txink} is Cauchy in TK, it converges to a point 
u G TK. Let v € T~^u, then Tv = u. Similarly {Sx2n,,+i} being a subsequence of 
Cauchy sequence {TXQ, Sxi,Tx2, Sxz,..., Sx2n-i,Tx2n, Sx2n+u •••} also converges to 
u as SK is closed. Using (2.2.2.1), one can write 
diFi{v),TX2n,) = d{Fi{v),Fj{x2n,-l)) 
< a maxqd{Tv,Sx2n,-i),d{Tv,Fi(v)),diSx2n,-i,Fj(x2n,-im 
+ b {d{Tv, Fj{X2n,-l)) + d{SX2n,-l, Fi{v))} 
which on letting fc —>^ 00, reduces to 
diFi{v),u) < a max{0,d{u,Fi{v)),0} + 6 {0 + d{Fi{v),u)} 
<ia + b)d{u,Fi{v)) 
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yielding thereby Fi{v) =u = Tv for any odd integer i E N, i.e., v is the coincidence 
point of (Fi,r). 
Further, since Cauchy sequence {Txo,Sxi,Tx2,Sx3,...,Sx2n-i,Tx2n,Sx2n+i,--} 
converges to u e K and u = Fi{v), u G Fi{K) f) K C SK, there exists w e K 
such that Sw = u. Again using (2.2.2.1), we get 
d{Sw,Fj{w)) = d{Fi{vlFi{w)) 
< a max{ld{Tv, Sw), d{Tv, F<(v)), d{Sw, Fj{w))} 
+ b {d{Tv, Fjiw)) + d{Sw, Fi{v))} 
< a max{0,0, d{Sw, Fj(w))} + b {d{Sw, Fj{w)) + 0} 
<{a + b)d{Sw,Fj{w)) 
implying thereby Sw = Fj{w) for any even integer j € N which yields Sw = u = 
Fj{w) which shows that ly is a coincidence point of {Fj,S). 
If we assume that there exists a subsequence {Sx2nt,+i} which is contained in 
Qo with TK as well as SK are closed subspaces of X, then the proof goes on similar 
Unes, hence it is omitted. This completes the proof. 
Remark 2.3.1. Theorem 2.3.1 remains true if we substitute closedness of 'TK and 
SK' with closedness of Fn{K) for all n e N. 
Firstly, by setting F„ = F ( for all n G JV ) and 5 = T = /jf in Theorem 2.3.1, 
we deduce a refined form of Theorem 2.2.1 due to Khan et al.[102] and also Theorem 
1 due to Khan and Bharadwaj[98]. 
Corollary 2.3.1. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F : K -^ X he a mapping satisfying 
diFx, Fy) < a max{\d{x, y), d{x, Fx), d{y, Fy)} + b {d{x, Fy) + d{y, Fx)} 
for every x,y E K, where a, 6 > 0 which satisfy (2.2.2.2). 
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Further, if for every x G 6K, Fx G K, then F has a unique fixed point in K. 
Secondly, by setting F^ = F { ior aR n e N ) ajid S = T = IK with 6 = 0 
in Theorem 2.3.1, we deduce generaUzation of a result due to Bianchini [15] for a 
single valued nonself mapping given as follow: 
Corollary 2.3.2. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F : K -¥ X he & mapping satisfying 
d{Fx,Fy) < a Tnax{\d{x,y),d{x,Fx),d{y,Fy)} 
for every x,y ^ K, where a > 0 such that o < 1. 
Further, if for every x G 5K, Fx 6 K, then F has a imique fixed point in K. 
Thirdly, by setting F„ = F ( for aU n G AT ), 5 = T = /jf with a ^ 0 m 
Theorem 2.3.1, we deduce an extension of a result due to Chatterjea[27] to nonself 
setting as follows: 
Corollary 2.3.3. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F : K -^ Xhea. mapping satisfying 
d{Fx, Fy) < h {d{x, Fy) + d{y, Fx)} 
for every x,y €: X with 0 <b <\. 
Further, if for every x G SK, Fx G K, then F has a imique fixed point in K. 
Fourthly, by setting Fi = F { for every odd integer i e N ) , Fj = G {foi every 
even integer j € N ) and 5 = T = /«• in Theorem 2.3.1, we deduce a corollary 
involving a pair of nonself single valued mappings which rims as follows: 
Corollary 2.3.4. Let {X, d) be a complete metrically convex metric space and K 
he a nonempty closed subset of X with F,G : K -^ X satisfying 
d{Fx, Gy) < a max{\d{x, y), d{x, Fx), d{y, Gy)} + b {d{x, Gy) + d{y, Fx)} 
for every x,y e K with x^y, a,b>0, which satisfy (2.2.2.2). Suppose that 
36 
(631) xeSK=i^Fx,GxeK. 
Then F and G have a unique common fixed pomt. 
Finally, by setting S = T = IK vi Theorem 2.3.1, we deduce the following 
corollary for a sequence of nonself mappings which can be stated as follows: 
Corollary 2.3.5. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let {F„}^i : K -y X satisfying 
(632) xeSK=^ Fn{x) € K, and 
d{Fi{x),Fj{y)) < a max{ld{x,y),d{x,Fi{x)),d{y,Fj{y))} 
+ b{d{x,Fj{y)) + d{y,Fi{x))} 
foT aR x,y € K with x^y, i^ j , a,6 > 0 which satisfy (2.2.2.2). 
Then {F„} has a imique common fixed point. 
Remark 2.3.2. Notice that for 6 = 0 in Ck)rollaries 2.3.1, 2.3.4 and 2.3.5, one 
obtains various extensions of a result due to Bianchini [15] to nonself mappings. 
Similarly for a = 0 in Corollaries 2.3.1, 2.3.4 and 2.3.5, one also deduces various 
extensions of a result due to Chatterjea [27] to nonself mappings. 
§ 2.4. Illustrative examples 
In this section, we furnish examples to demonstrate the significance of continuity 
requirements in Theorems 2.2.2, 2.2.4, 2.2.5 and 2.2.6 besides other conditions like 
pointwise r— weak commutativity, compatibihty, weak commutativity and others. 
Example 2.4.1. Consider X = [l,oo) equipped with natmral distance and K — 
[1,3]U{0}. Define Fn,S,T:K-^X with F„ = F and 5 = T as 
' x^ if 1 < X < 2 
' a;2, if 1 < x < 2 
Fx = < and Tx = < 
^ 1, ifxG(2,3]U{0,l} 
1, ifa; = 0 
0, if a;€(2,3]U{l}. 
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Clearly both the maps F and T are discontinuous at a; = 2. Also F has a fixed point 
whereas T never admits any fixed point in K. 
Further 6K (boundary of K) = {0,1,3} and TK = [1,256] U {0}. Also TK is closed 
in R. Obviously SK C TK. Furthermore, FK = [l,4]=i^ FKHK = [1,3] C TK. 
Also 
TO = leSK=^FO = l€K, 
Tl=OeSK=^Fl = leK, 
T3 = 0eSK=i'F3 = leK. 
Moreover, for the verification of contraction condition (2.2.2.1), the following cases 
arise: 
Case 1. If x,y e (1,2], then 
< Jk' - y^ l 
<l{d{Tx,Fy) + diTy,Fx)}. 
Case 2. If x,y G (2,3] U {1}, then 
d{Fx, Fy) = |1 - 1| = 0 < \{d{Tx, Fy) + d{Ty, Fx)}. 
Case 3. If 1< x < 2 and y E (2,3] U {1}, then 
.(Fx,Fy)Hx--lH(^4-;-jl^^)<i|xS-l| 
< \\^' - 1| + \\x' - 0| 
<\{d{Tx,Fy) + d{Ty,Fx)}. 
Case 4. If 1< x < 2 and y = 0, then 
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< i|a:« - 1| + \\x' 1| 
<\{d{Tx,Fy) + d{Ty,Fx)}. 
Case 5. If X G (2,3] U {1} and y = 0, then 
d{Fx, Fy) = |1 - 1| = 0 < \{d{Tx, Fy) + d{Ty, Fx)}. 
Thus the contraction condition (2.2.2.1) is satisfied for any a <\. This shows 
that all the conditions of the Theorem 2.2.5 are satisfied except the continuity of the 
map T along with weak commutativity of {F,T). We also observe that Theorems 
2.2.2, 2.2.4 and 2.2.6 cannot be used in the context of this example because both the 
maps F and T are discontinuous. Notice that {F,T) has no common fixed point. 
Finally, we furnish a motivating example which exhibits that conditions of 'weak 
commutativity of (F, T) along with continuity of the map T' in Theorem 2.2.5 can 
be replaced by 'coincidentally commuting property of (F, T) along with closedness 
of TK^ in X respectively. On the other hand, this example also supports the view 
that requirements of compatibihty, weak commutativity (or pointwise r— weak com-
mutativity) and continuity in Theorems 2.2.2, 2.2.4, 2.2.5 and 2.2.6 are necessary 
and cannot be relaxed unless some alternative conditions are not imposed so as to 
derive the desired results of this chapter. 
Example 2.4.2. Let X = [0,oo) with Euclidean metric and K = [0,3]. Define 
F,G,S,T:K^Xss 
( - 2 
Fi = Fx=^ 
x^ if 0 < a; < 2 
Tx= K 
Fj = Gx = 
i if 2 < a; < 3, 
f x^if0<x<2 
i i f 2 < a ; < 3 
' 2a;'* if 0 < X < 2 
3 if 2 < X < 3, 
( 2x^ if 0 < X < 2 
and Sx= i 
3 if 2 < X < 3. 
Since SK (boundary of K) = {0,3}. Clearly TKOSK = [0,32] n [0,128] = [0,32] 
and hence SK = { 0 , 3 } c T K n S K . Further, FKnK= [0,4] n[0,3] = [0,3] c SK. 
and GKnK = [0,8] n (0,3] C TK. 
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Also 
T0 = 0e6K=>FQ = 0eK, 
SO = 0eSK=^G0 = OeK, 
T3 = 3eSK=^F3 = ^eK, 
S3 = 3eSK=^G3 = leK. 
Moreover, if for x € [0,2] and y € (2,3], then 
d{Fx,Gy) = W-\\ 
< I max{^d{Tx,Sy),d{Tx,Fx),d{Sy,Gy)} 
+ ^{d{Fx,Sy) + d{Tx,Gy)}. 
Next, if x,ye (2,3], then 
d{Fx,Gy) = 0 = ld{Tx,Sy). 
< I max{^d(Tx, Sy), d{Tx, Fx), {Sy, Gy)} 
+ \{d{Fx,Sy)-{-d{Tx,Gy)}. 
Finally, if x, y € [0,2], then 
d{Fx,Gy) = \x''-y^\ 
< I max{\d{Tx, Sy), d{Tx, Fx), {Sy, Gy)} 
+ '^{d{Fx,Sy) + d{Tx,Gy)}, 
which shows that the contraction condition (2.2.2.1) is satisfied for every distinct 
x,y e K. Moreover, 0 is a point of common coincidence as TO = FO as well as 
50 = GO. Also both the pairs (F, T) and (G, S) are coincidentally commuting as 
TFO = 0 = FTO and 5G0 = 0 = GSO and FK,TK,GK and SK are closed in 
X. Thus all the conditions of the Theorem 2.3.1 are satisfied and '0' is the unique 
common fixed point of F, G, S and T. 
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Notice that the all four mappings satisfying (2.2.2.1) need not satisfy (2.2.1.1) 
separately. To substantiate this, consider the mapping T with 0 < a; < 2 and 
2 < y < 3 then using (2.2.1.1), one gets 
d{Tx,Ty) = \2x^ - 3| < a max{\x - 2x^|, \y - 3|} + 6 {|a; - 3| + |y - 2x'^\} 
at X = 5 and y = 3. Then 
| l - 3 | < a m a x { | i - i | , | 3 - 3 | } + 6 { l i - 3 | + | 3 - i | } 
f <|a+ (¥)•! 
implying thereby a < ^ a contradiction which establishes the utiUty of the results 
proved in this chapter. 
Finally, we note that Theorems 2.2.2, 2.2.4, 2.2.5 and 2.2.6 cannot be used in 
the context of this example because all the four involved maps are discontinuous. 
Examples 2.4.1 and 2.4.2 establish that Theorem 2.3.1 and rest of the results (i.e 
Theorems 2.2.2, 2.2.4, 2.2.5 and 2.2.6) in this chapter can be situationally useful. 
§ 2.5. An application 
In the last section, we demonstrate that the resiilts of this chapter can be 
utilized to prove related results on fixed points. As a sample we state and prove the 
following fixed point theorem using Theorem 2.2.5 { Fi = Fj = F and S = T). 
Theorem 2.5.1. Let K he & nonempty weakly compact star-shaped subset of a 
Banach space X and F be a generalized T-nonexpansive mapping of K into closed, 
convex subset H (containing K) of X satisfying (bs), (69), (611) and 
(633) (F, T) is weakly commuting pair. 
Moreover, if (/ — F) is demiclosed and T is linear and leaves one of its star center 
invariant, then F and T have a common fixed point in K. 
Proof. Let us assume that if be a star-shaped with respect to the point p E K 
then {l-t)p+tx G A' for all t G (0,1). If we choose fc„ = {1 - ^, n = 2,3,4,...} and 
define F„ : iiT -)• A" by F„(a;) = (1 - kn)p + KFx for aU x e K. Then it is straight 
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forward to verify that F„ is a generalized T-contractive mapping of K into X and 
Fn satisfies conditions (bs), (69) and (633). Since weak topology is Hausdorff and K 
is weakly compact, therefore K is weakly closed and hence strongly closed. Thus by 
Theorem 2.2.5 with restriction Fi = Fj = F mdS = T for each n > 2, F„ and T 
have a imique common fixed point, say Zn€ K. Now, it follows that the sequence of 
fixed point {z„} admits a weakly convergent subsequence and one can assume that 
{zn} itself converges weakly to z e K. 
Since weakly convergent sequences are norm bounded, we conclude that {zn} 
is bounded, which amoimts to say that one can find a constant M > 0 such that 
(l^ nll < Af for all n > 2. Thus, for each n > 2, we have 
(I-F)zr, = zn- k-'[F„z^ - (1 - kn)p] 
= (1 - k-')Zn + (fc-^  - l)p 
and hence | |(/ - F)z„|| < |fc-^  - 1|(M + ||p||). 
Since fc;;"^ -> 1 as n -> 00, we can have (/ - F)z -^Qe K. Also ii Zn-^ z e K and 
(I -F) \s demiclosed, it follows that (/ - F)z = 0 giving thereby Fz = z. Since for 
each n > 2, Tz„ = Zn and T is continuous and linear, therefore taking the limit as 
n -> 00, one concludes that Tz ^ z yielding thereby z = Tz = Fz. This completes 
the proof. 
By restricting T = IK in Theorem 2.5.1, we deduce the following corollary: 
Corollary 2.5.1. Let iif be a nonempty weakly compact star-shaped subset of a 
Banach space X and F is a generalized nonexpansive mapping of K into X satisfying 
the condition: 
(634) xeSK=^FxeK, 
(635) F is continuous on K. 
If (/ — F) is demiclosed, then F has a fixed point in K. 
• • • • • 
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CHAPTER 3 
COINCIDENCE AND COMMON FIXED 
POINT THEOREMS FOR A FAMILY OF 
HYBRID PAIRS OF MAPPINGS 
CHAPTER 3 
Coincidence and common fixed point theorems 
for a family of hybrid pairs of mappings^ 
§ 3.1. Introduction 
The study of fixed point theorems for mvilti-valued self mappings was initiated 
by Nadler[112] wherein he proved a multi-valued version of Banach Contraction 
Principle. A similar result for nonself multi-valued contraction defined on a closed 
subset of metrically convex metric space was established by Assad and Kirk[7]. In 
recent years, the result due to Assad and Kirk[7] has been improved in various ways 
by several researchers notably Itoh[80], Khan[99], Ahmad and Imdad[3], Imdad et 
al.[70], Singh and Mishra[155], 6iric and Ume[35] and others. Recently, Huang 
and Cho[64] and Dhage et al.[40] proved some common fixed point theorems for a 
sequence of multi-valued mappings which generalize several results due to Itoh[80], 
Khan[99], Isad[76], Rus[142], Chang[25], Dhage[38] and others. 
In this chapter, by combining the ideas of Imdad et al.[70] and Huang and 
Cho[64], we extend Theorem 2.2.1 (due to Khan et al.[102]) to a family of hybrid 
type nonself mappings satisfying a contraction condition analogous to (2.2.2.1) in-
volving a sequence of multi-valued and a pair of single valued mappings. Our results 
generalize some earUer results of Khan et al.[102], Khan and Bhardwaj[98], Chat-
terjea[27], Bianchini[15] and others. In proving our results, we follow the definitions 
and conventions of Nadler[112] and Kuratowski[104] (see. Section 1.5). 
3.2. Results on mappings with closed domain 
In this section, we study some results on sequence of hybrid contractions. First, 
we prove a theorem on coincidence points for pointwise j—weakly commuting map-
pings which is the main result of this chapter. Thereafter, in another notable theo-
rem, we prove a result on coincidence points without any continuity and commuta-
tivity requirements. We state and prove the 
^The contents of this chapter are to appear in the Journal of 'Fixed Point Theory 
and Applications'. 
Theorem 3.2.1. Let (X,d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let {F„}^^ : K -^ CB{X) and S,T : K -^ X 
satisfying (61), (63), (64) with 
(ci) Txe6K=> Fi(x) CK,SxeSK=^ Fj{x) C K, and 
H{Fi{x\Fj{y)) < a max{^d{Tx,Sy),d{Tx,Fi{x)),d{Sy,Fj{y))} 
+ b {d{Tx, Fj{y)) + diSy, Fi{x))} (3.2.1.1) 
where i = 2n — 1, j = 2n, (n G N), t ^ j for all x,y € K with x ^y, a, 6 > 0 and 
q <1 such that 
max{(f±|). ( ^ ) ( g ) . ( ^ ) ( ^ ) } < 1. (3.2.1.2) 
Then 
(C2) {Fi, T) has a point of coincidence, 
(cs) (Fj-, 5) has a point of coincidence. 
Proof. Firstly, we proceed to construct two sequences {x„} and {y„} in the following 
way. 
Let x € SK. Then (due to 6K C TK) there exists a point XQ ^ K such that 
x = TXQ. Since Tx G SK =>• Fi(x) C K for every odd integer (i E N), one concludes 
that Fi(a:o) QFi(K)nK C SK. Let xi e K be such that yi = Sxi e Fi(xo) C K. 
Since j/i € Fi(a;o), there exists a point ya G 2^(2^ 1) such that 
qdiyuy2)<H{Fi{xo),F2{xi)). 
Suppose ya G K. Then ya € ^2(7 '^) r\ K C TK impUes that there exists a point 
X2 £ K such that y2 = Tx2. Otherwise if y2 ^ K, then there exists a point p G 6K 
such that 
d(Sxi,p) + d(p,y2) = d{Sxuy2). 
Since p G SK C Ti^, there exists a point X2^K with p = Tx2 so that 
d{Sxx,Tx2) + d{Tx2,y2) = d{Sxx,y2). 
Let ya G ^3(0:2) be such that q d(y2,yz) < H{F2ixi),Fz{x2)). 
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Thus, repeating the foregoing arguments, we obtain two sequences {x„} and {y„} 
such that 
(C4) 2/2n e F2n{x2n-i) for evciy (n G iV), y2n+i ^ ^2n+i(a;2n) for every {n e NQ ^ 
NU{0}), 
(cs) y2n e A: =;• yan = Txan or y2„ ^  A" =» Ti2n € (J/iT and 
d(5x2„_l ,Tx2„) +d(ra:2n,y2n) = d ( 5 l 2 n - l , y 2 n ) , 
(ce) ysn+i G K" =J- y2n+i = Sx2n+i OX y2„+i ^ K ={• Sx2n+i G i^^ " and 
d{TX2n, SX2n+l) + f^C^Xan+l, y2fH-l) = d{TX2n, y2n+l), 
(C7) g d(y2n-l,y2n) < H{F2n{x2n-l),F2n-lix2n-2)) and 
(Cs) 9 <i(y2n,y2n+l) < H{F2n+l{X2n),F2n{X2n-l))-
We denote 
Po = {rx2i G {rx2n} : Tx2i = y«}, 
A = {TX2i e {TX2n} : TX2i ^ y2i}, 
Qo = {Sx2i+i e {Sx2n+l} '• Sx2i+1 = y2t+l}, 
Ql = {SX2i+i e {Sx2n+l} • Sx2i+l / y2t+l}-
Note that {Tx2n, Sx2n+i) ^ -Pi x Qi because if Tx2n € Pi, then y2n ^ Tx2n and 
by construction of the sequence one infers that Tx2n ^ ^K which impUes that 
y2n+i £ F2n+i{x2n) Q K. Hcncc y2„+i = S'x2n+i ^ Qo- Similarly, one can argue that 
{Sx2n-l,TX2n)f^QlXPl. 
Now, we distinguish the following three cases: 
Case 1. If {Tx2n, Sx2n+i) € Fo X Qo, then 
q d{TX2n,Sx2n+l) < H(F2n+l{x2n), F2n{X2n-l)) 
< a max{\d{Tx2n,SX2n-l),d{TX2n,F2n+l{X2n)), 
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d{SX2n-uF2n{X2n-l))} + & {d{Tx2n. F2n(X2n-l)) 
+ d{SX2n-uF2n+l{X2n})} 
= a max{^d{y2n, J/2n-l), d(y2n, 2/2n+l), d{y2n-l, y2n)} 
+ b {d(y2n, y2n) + d(y2n-l, y2n+l)} 
= a max{d{y2n,y2n+i),d{y2n-i,y2n)} 
+ b {d(y2n-l, y2n) + d(y2n, y2n+l)}-
If we suppose that d(y2n-i,y2n) < <i(y2n,y2n+i)i then one obtains 
q d{Tx2n,Sx2n+i) < (a + 26)d(y2„,y2n+i) 
which is a contradiction. On the other hand if d(y2n,y2n+i) < d(y2n-i.y2n), then 
one obtains 
q d{TX2n, SX2n+l) < (a + 6)d(y2n, y2n-l) + bd{y2n, y2n+l) 
which in turn yields 
d{TX2n,SX2n+l) < {^^)d{Sx2n-uTX2n). 
Similarly, if {Sx2n-uTx2n) G Qo x Fo, then 
d{Sx2n-l,TX2n) < {^,)d{Sx2n-uTX2n-2). 
Case 2. If {Tx2n,Sx2n+i) € Po x Qi, then 
d{TX2n, SX2n+l) + d{SX2n+l, y2n+l) = d{TX2n, y2n+l), 
which in turn yields 
d{TX2n, SX2n+l) < d(TX2n,y2n+l) = d(y2n,y2n+l), 
and hence 
q d{Tx2n, Sx2n+l) < q %2n,y2n+l) < i f (F2„+i(x2„), P2n(X2n-l)). 
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Now, proceeding as in Case 1, we have 
Similarly, if (Sx2n-uTx2n) G Qi x Po, then 
d{SX2n-l,TX2n) < { ^ ) diSX2n-uTX2r.-2). 
Case 3. If {Tx2n, Sx2n+i) € Pi x Qo, then 5x2n-i = J/2n-i- Proceeding as in Case 
1, one obtains 
q d{TX2„, Sx2n+l) = q d{Tx2n, y2n+l) 
< q d{Tx2n, I/2n) + Q d{y2n, y2n+l) 
< q d{TX2n,y2n) + H{F2n+l{x2n),F2n{x2n-l)) 
< q d{TX2n, y2n) + a max{\d{TX2n, Sx2n-l), d{TX2n, F2n+l{X2n)), 
diSx2n-uF2n{X2n-l))} + b {d{Tx2n, F2niX2n-l)) 
+ d{SX2n-U •P2n+l(a;2n))}-
Since 
d{SX2„-l,Tx2n) + d{TX2n,y2n) = d{Sx2n-uy2n), 
therefore 
q d{TX2„,Sx2n+l) < q d{SX2n-Uy2n) + a Tnax{\d{Sx2n-l,y2n),d{TX2n,y2n+l), 
d{SX2n-l,y2n)} + b {d{Tx2n,y2n) + d{y2n-l,y2n+l)} 
< q d{SX2n-l,y2n) + A rnax{d{SX2n-l,y2n),d{TX2n,y2n+l)} 
+ b {d{TX2n, y2n) + d{y2n-uTX2n) + d{Tx2n, y2n+l)} 
< q d{SX2n-l,y2n) + O- max{d{SX2n-l,y2n),d(TX2n,y2n+l)} 
+ b {d{y2n, y2n-l) + d{TX2n, y2n+l)} 
which in turn yields 
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d{TX2n, Sx2n+l) < ' 
^ i ^ ) d{SX2n-l,y2n), '^ d{y2n-Uy2n) > d{TX2n,y2n+l), 
( ^ ^ ) d{Sx2n~l,y2n), if rf(y2n-l, y2n) < d(TX2n,y2n+l)-
Now, proceeding as earlier, one also obtains 
d{SX2n-Uy2n) < {^,)d{SX2n-uTX2n-2). 
Therefore, combining the above inequahties, we have 
diTx2n,SX2n+l) < m a x { ( ^ ) ( ^ ) , ( ^ ) ( ^ ) } d{SX2n-l,Tx2r.-2). 
Thus in all the cases, we have 
d{TX2n, SX2n+l) < k max{d{SX2n-uTX2n)yd{TX2n-2, SX2n-l)}, 
whereas 
d{Sx2n+uTX2n+2) < k max{d{Sx2n-l,TX2n),d{TX2n, Sx2n+l)}-
Where k = maa;{(g), ( f ^ ) ( ^ ) . {^){'^)} < 1- It can be shown by indue-
tion that forn > 1, we have 
d(Tx2n,Sx2n+i) < A:^ ""^  max{d{Txo,Sxi),d{Sxi,Tx2)} 
and 
d{Sx2n+i,Tx2n+2) < fc^" max{rf(5xi,Txa),d(Txo,5xi)}. 
Now, for any positive integer p, we have 
d(Tx2n, SX2n+p) = d{TX2n, SX2n+l) + d{SX2n-ir\, TX2n+2) + — + d{TX2n+p-l-, SX2n+p) 
<{l + k + k^ + ... + fcP-^}fc2" max{d{Txo,Sxi),d{Sxi,Tx2)}, 
< { g } max{d{Txo,Sxi),d{SxuTx2)}, 
which shows that the sequence {TXQ,Sxi,Tx2,8x3,...,Sx2n-i,Tx2n,Sx2n+i, •••} is 
Cauchy. Then as noted in [58] there exists at least one subsequence {Tx2nk} or 
{Sx2nk+i} which is contained in Po or Qo respectively and find its Umit z E K. 
Further, subsequences {Tx2nk} "^^ ^ {'S'a:2nfc+i} both converge tozeKasKisa. 
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closed subset of complete metric space {X,d). Since Txin^ ^ Fj{x2nk-i) for every 
even integer j E N and {S'lant-i} C K. Using pointwise r— weak commutativity of 
{Fj,S), we have 
d{SFj{X2n,-l), Fj{Sx2n,-l)) < H d{Fj{X2n,-l), 5X2n*-l)) (3.2.1.3) 
for every even integer j G N with some ri > 0. Also 
d{SFj{X2n,-l\Fjiz)) < diSFj{X2n,-l),Fj{SX2n,-l))+H{Fi{SX2n,-l),Fjiz)) 
(3.2.1.4) 
which on letting k-^ oom (3.2.1.3) and (3.2.1.4) and using continuity of i^ as well as 
S, we get d{Sz, Fj{z)) < 0 jdelding thereby Sz G Fj{z) for every even integer j e N 
as Fj{z) is closed. 
Since j/arm-i € Fi{x2nk) and Tx2n,, € K, pointwise r— weak commutativity of 
(Fi.T) implies 
d{TFi{x2n,),Fi{Tx2n,)) < Tj d{Fi{x2n,),Tx2n,) 
for every odd integer ie N with some r2 > 0, besides 
d{TFiix2n,), Fi{z)) < d{TFi(x2n,), Fi{TX2n,)) + H{Fi{TX2n,l Fi{z)). 
Similarly using the continuity of Fi as well as T impUes d{Tz,Fi{z)) < 0 giving 
thereby Tz € Fi{z) ask-^oo. 
Now consider 
qd{Tz,Sz)<H{Fi{z),Fj{z)) 
< a max{\d{Tz, Sz), d{Tz, Fi{z)), d{Sz, Fj{z))} 
+ b{d{Tz,Fj{z)) + d{Sz,Fi{z))} 
< a maxQd{Tz,Sz),0,0}+ b {d{Tz,Sz) + d{Tz,Sz)} 
<i^ + 2b)diTz,Sz) 
yielding thereby Tz = Sz, which shows that z is a common coincidence point of the 
maps {F„}f S and T. This completes the proof. 
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Theorem 3.2.2. Theorem 3.2.1 remains true if we replace (3.2.1.2) by 2a + 36 < 
q <1 (retaining the rest of the hypotheses). 
Proof. The proof is similar to that of Theorem 2.2.3, hence it is omitted. 
Remark 3.2.1. Remark 2.2.1 remains vaUd in the context of Theorem 3.2.2. 
Before proving further results, we shall now deduce various corollaries by choos-
ing F„, 5 and T suitably. It is interesting to note that even some of our corollaries 
are seeming new to the Uterature. 
Firstly, by setting F„ = F ( for all n € iV ) and 5 = T in Theorem 3.2.1, we 
deduce a corollary for a hybrid pair of mappings which generalizes a result due to 
Ahmad and Khan [2] and runs as follows: 
Corollary 3.2.1. Let {X,d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F : K -> CB{X) and T : K -^ X which 
satisfy 
H{Fx, Fy) < a max{\d{Tx, Ty), d{Tx, Fx), d{Ty, Fy)} 
+ b{diTx,Fy) + d{Ty,Fx)} 
and (3.2.1.2) for all z, j / € iC with x^y, a,b>0 and q <l. Suppose that 
(cg) 6K CTK,FKnKC TK, 
(cio) TxeSK^FxC K, 
(cii) (F,T) is a pointwise r— weakly commuting pair, 
(C12) F and T are continuous on K. 
Then there exists z E K such that Tz £ Fz. 
Secondly, by setting Fi = F { for every odd integer i e N ) , Fj = G {ioi every 
even integer j E N ) and T = 5 in Theorem 3.2.1, we deduce a corollary involving 
two hybrid pairs of mappings (F, T) and {G, T) which generalizes earUer results due 
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to Assad and Kirk[7], Itoh[80], Khan[99], Ahmad and Imdad[l] and some others and 
rmis as follows: 
Corollary 3.2.2. Let (X, d) be a complete metrically convex metric space and K be 
a nonempty closed subset of X. Let F,G : K -^ CB(X) and T : K -^ X satisfying 
(cis) SK C TK, {FKUGK)nKCTK 
{cu) Txe8K=^ {Fx UGx)CK with 
H{Fx, Gy) < a max{ld{Tx, Ty), d{Tx, Fx), d(Ty, Gy)} 
+ b{d{Tx,Gy) + diTy,Fx)} 
ioi an x,y e K with x ^ j / , a,6 > 0 and g < 1 such that (3.2.1.2) holds. If T 
is pointwise r— weakly commuting with each F and G along with F, G and T are 
continuous on K, then there exists z G K such that Tz E FzH Gz. 
Finally, by setting Fi = F (for every odd integer i e N) and Fj = G (for every 
even integer j & N)m Theorem 3.2.1, we deduce a corollary for two hybrid pairs of 
mappings which generalizes earlier relevant results due to Itoh[80], Khan[99], Ahmad 
and Imdad[l,3], Singh and Mishra[155] and several others and runs as follows: 
Corollary 3.2.3. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F,G : K -^ CB{X) amd S,T : K ^ X 
satisfying 
(cis) SKCSKnTK,FKnKCSK,GKnKCTK, 
(cie) TxeSK=^FxC K,Sx eSK^GxQK, and 
H{Fx, Gy) < a maxQdiTx, Sy), d{Tx, Fx), d{Sy, Gy)} 
+ b{d{Tx,Gy) + d{Sy,Fx)} 
for am x,y e K with x ^ y, a,b>0 and q < 1 such that (3.2.1.2) holds. Suppose 
that 
(cn) (F, T) and (G, S) are pointwise r- weakly commuting pairs, 
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(cis) F, G, S and T are continuous on K. - , 
Then there exists zeK such that Tz = 5^ € F2; n G2. 
In our next result, we note that Theorem 3.2.1 remains true if pointwise r— weak 
commutativity is replaced by compatibiUty. 
Theorem 3.2.3. Theorem 3.2.1 remains true if we replace 'pointwise r— weak 
commutativity' by 'compatibihty' in (63) and retaining the rest of the hypotheses. 
Proof. Following the lines of the proof of Theorem 3.2.1, we assume that there 
exists at least one subsequence {Tx^^} or {Sxin^+i} which is contained in Po or Qo 
respectively. Suppose that there exists a subsequence {Tx2n^} which is contained 
in Po for each A; G JV, and also converges to z. On using compatibiUty of {Fj, S), we 
have 
lim d(Sx2nt-u Fj(x2n.-i)) = 0 for every even integer j € N 
k-*oo 
which impUes that 
lim d{STX2n„Fj{SX2n,-l)) = 0. 
k—^oo 
Further, on using the continuity of S and Fj, one obtains Sz G Fj{z) for every 
even integer j ^ N as Fj{z) is closed. Similarly the continuity of T and Fi impUes 
Tz E Fi{z) for every odd integer i e iV. If we assume that there exists a subse-
quence {5x2nfc+i} contained in Qo, then analogous arguments establish the earher 
conclusions. The rest of the proof is identical to that of Theorem 3.2.1, hence it is 
omitted. This completes the proof. 
In the next theorem (upto coincidence points), we prove a result without conti-
nuity and commutativity requirements. To accomplish this, we utilize the closedness 
of TK and SK. However, in order to enunciate a fixed point result, one requires the 
commutativity at points of coincidence besides coincidentally idempotent property. 
In fact, we prove the following: 
Theorem 3.2.4. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let {F„}^i : K -^ CB{X) and 5, T : /C ^ X 
satisfying (6i), (ci), (3.2.1.1) and (3.2.1.2). If TK and SK are closed subspaces of 
X. Then 
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(cig) (-^ t, T) has a point of coincidence, 
(c2o) (Fj, S) has a point of coincidence, 
(c2i) T is quasi-coincidentally commuting and coincidentally idempotent w.r.t Fi, 
then {Fi,T) has a common fixed point, 
(C22) 5 is quasi-coincidentally commuting and coincidentally idempotent w.r.t Fj, 
then {Fj, S) has a common fixed point, 
(C23) if (c2i) and (C22) are true then F„, S and T have a common fixed point. 
Proof. Following the lines of the proof of Theorem 3.2.1, one assumes that there 
exists a subsequence {Tx2nfc} which is contained in Po- Since TK as well as SK 
are closed subspaces of X and {Tx2ni,} is Cauchy in TK, it converges to a point 
u G TK. Let V G T~^u, then Tv = u. Also {Sx^^+i} being a subsequence of Cauchy 
sequence {Txo,Sxi,Tx2,Sx3,...,Sx2n-i,Tx2n,Sx2n+i,:.} converges to u as SK is 
closed. Using (3.2.1.1), one can write 
q diFi{v),TX2n,) < HiFi{v),Fj{X2n,-l)) 
< a max{\d{Tv,Sx2n,-i),diSx2n,-uFj{x2n,-i)),d{Tv,Fi{v))} 
+ b {diTv, Fj{x2n,-l)) + d{Sx2n,-l, F i (u ) ) } 
which on letting A; —> 00, reduces to 
q d{Fi(v), u)<a max{0,0, d{u, Fi{v))} + 6 {0 + d{Fi(v), u)} 
<{a + b)d{u,Fi{v)) 
yielding thereby u 6 Fi{v), which imphes that u = Tv e Fi{v) as Fi{v) is closed. 
Since Cauchy sequence {Tx2n} converges toue K and u ^ Fi{v), u E Fi{K)r\K C 
SK, there exists w E K such that Sw = u. Again using (3.2.1.1), one gets 
q diSw,Fj{w)) = q d{Tv,Fj{w)) < H{Fiiv),Fj{w)) 
< a maxQd{Tv, Sw),d(Tv, Fi(v)), d{Sw, Fj{w))} 
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+ 6 {d{Tv, Fj{w)) + diSw, Fi{v))} 
<{a + b)d{Sw,Fj{w)) 
implying thereby Sw G Fj(w), i.e., ly is a coincidence point of {Fj, S). 
Since v is a coincidence point of {Fi,T) therefore using quasi-coincidentally 
commuting property of {Ft, T) and coincidentally idempotent property of T w.r.t 
Fi, one can have 
Tv € Fi{v) and « = Tv =!• TM = TTv = Tv = u, 
therefore u = Tu = TTv e TFi{v) C Fi{Tv) = Fi{u) which shows that u is the 
common fixed point of {Fi,T). Similarly using the quasi-coincidentally commuting 
property of {Fj, S) and coincidentally idempotent property of S w.r.t. Fj, one can 
show that {Fj, S) has a common fixed point as well. 
If one assumes that there exists a subsequence {Sx2nk+i} contained in Qo with 
TK as well as SK are closed subspaces of X, then noting that {Sx2n,,+i} is Cauchy 
in SK, the foregoing arguments establish that the pairs {Fi,T) and {Fj,S) have 
coincidence and common fixed points. This completes our proof. 
Remark 3.2.2. Theorem 3.2.4 remains true if we replace closedness of ^TK and 
SK' with closedness of *F„(i(')' ( for all n e N). 
Now, we deduce the various corollaries as special cases to our Theorem 3.2.4. 
Now, by setting Fn = F {for aUne N ) and 5 = T" = /A- in Theorem 3.2.4, we 
deduce a multi-valued analogue of the result due to Khan and Bharadwaj[98] and 
Khan et al.[102] and runs as follows: 
Corollary 3.2.4. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F : K -^ CB{X) satisfying 
(C24) X eSK =^ FxCK, and 
H{Fx, Fy) < a max{ld{x, y), d{x, Fx), d{y, Fy)} + b {d{x, Fy) + d{y, Fx)} 
for all x,y G A' with x^y, a,6 > 0, 9 < 1 such that (3.2.1.2) holds. Then there 
exists z E K such that z ^ Fz. 
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Next, by setting F„ = F ( for all n G A^  ) and 5 = T in Theorem 3.2.4, we 
deduce a corollary for a hybrid pair of mappings which partially generalizes a result 
due to Ahmad and Khan[2] which runs as follows: 
;r'i Azad /,*»'*>* 
Corollary 3.2.5. Let {X,d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F : K -^ CB{X) and T : K ^ X satisfying » 
(C25) 8K eTK^FKHKC TK, 
(C26) TxeSK^FxC K, 
(C27) TK is closed in X, and 
H{Fx,Fy) < a max{y{Tx,Ty),d{Tx,Fx),d{Ty,Fy)} 
+ b{d{Tx,Fy) + d{Ty,Fx)} 
- / 
for aU. x,y e K with a; 7^  t/, a,6 > 0, g < 1 such that (3.2.1.2) holds. Then 
(F, T) has a common fixed point provided T is quasi-coincidentally commuting and 
coincidentally idempotent w.r.t F. 
Further, by setting Fi = F { for every odd integer i G iV ), Fj = G ( for every 
even integer j G N ) and S = T = IK i^ Theorem 3.2.4, we deduce a corollary 
involving a pair of multi-veJued mappings which presents an improved version of a 
theorem due to Khan[ 99] and runs as follows: 
Corollary 3.2.6. Let (X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X with F,G : K -¥ CB{X) satisfying 
d{Fx, Gy) < a max{\d{x, y), d(x, Fx), d{y, Gy)} + b {d{x, Gy) + d{y, Fx)} 
for every x,y ^ K with x ^ y, where a,b>0 and q < 1 such that (3.2.L2) holds. 
Suppose that 
(C28) XGSK=^{FXU GX) C K. 
Then F and G have a common fixed point. 
Moreover, by setting Ft = F{ for every odd integer i G N ) , Fj = G {(OT every 
even integer j G N ) and iS = T in Theorem 3.2.4, we deduce a corollary involving 
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two hybrid pairs of mappings (F, T) and (G, T) which partially generalizes relevant 
result contained in Ahmad and Khan[2]. 
Corollary 3.2.7. Let {X, d) be a complete metrically convex metric space and K be 
a nonempty closed subset of X. Let F,G : K -> CB(X) and T : K -^ X satisfying 
(C29) SK e TK, {FK U GK) C^KCTK, 
(c3o) TxeSK=^ {Fx U Gx) C K, 
(C31) TK is closed, and 
H{Fx,Gy) < a max{^d{Tx,Ty),d{Tx,Fx),d{Ty,Gy)} 
+ b {diTx, Gy) + d{Gy, Tx)} 
for all X, 7/ G i^ with x ^ j / , a, 6 > 0 and g < 1 such that (3.2.1.2) holds. Then (F, T) 
and (G, T) have a conunon fixed point provided T is quasi-coincidentally commuting 
and coincidentally idempotent w.r.t F and G. 
Finally, by setting 5 = T = /^ in Theorem 3.2.4, we deduce the following 
corollary for a sequence of multi-valued mappings which can be stated as follows: 
Corollary 3.2.8. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let {F„}^i : K -^ CB{X) satisfying 
(C32) xeSK => Fn{x) C K, and 
H{Fi{x),Fj(y)) < a max{ld{x,y),d(x,Fi{x)),d{y,Fj{y))} 
+ b{dix,Fjiy))+d{y,Fi{x))} 
ioT ail x,y e K with x ^y, i^ j , a,b>0 and q <l such that (3.2.1.2) holds. 
Then {F„} has a common fixed point. 
Remark 3.2.3. Notice that for 6 = 0 in Corollaries 3.2.4 to 3.2.8, one obtains 
various extensions of a result due to Bianchini [15] to a multi-valued or hybrid 
nonself setting. Similarly for a = 0 in Corollaries 3.2.4 to 3.2.8, one can deduce 
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various extensions of a result due to Chatterjea [27] to a multi-valued or hybrid 
nonself settings. 
3.3. Results involving maps with compact domain 
In this section, we prove a theorem which is amply motivated by the results of 
Dhage[38] and Imdad et al.[70] involving maps with compact domain. Our result is 
as follows: 
Theorem 3.3.1. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty compact subset of X. Let {F„}^i : K ^ CB{X) and T : K ^ X 
satisfying (622) and 
(C33) TxeSK=^ Fn{K) C /if ( for all n 6 iV ) with 
H{Fi{x),Fj{y)) < M{x,y), M{x,y) > 0, for all x,y € AT where 
M{x,y) = a max{\d{Tx,Ty),d{Tx,Fi{x)),d{Ty,Fj{y))} 
+ b {d{Tx, Fj{y)) + d{Ty, Fi{x))} (3.3.1.1) 
for all X, y G AT with x ^y, and a, b are non-negative reals such that 
max{{^,), {^)i^), (^)(^)} < 1. (3.3.1.2) 
If T is compatible with {F„} (n G N) along with {Fn} and T being continuous 
on K, then {F„} «md T have a common coincidence point. 
Proof. We assert that M{x, y) = 0 for some x,y e K. Otherwise M{x, y) ^  0, for 
aiiy x,y ^K implies that 
M(x,y) 
is continuous and satisfies f{x,y) < 1 for all (x,y) € /i 'xK. Since KxKSs compact, 
there exists {u,v) ^ K x K such that /(z,y) < f{u,v) = c < 1 for x,y e K which 
in turn yields H{Fi{x),Fj{y)) < c M{x,y) for x,y e K and 0 < c < 1. Therefore 
using (3.3.1.1), one obtains 
r n a x { ( ^ ) . ( ^ ± ? ^ ) ( ^ ) , ( 2 ± ^ ) ( f ^ ) } < 1. 
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Now by Theorem 3.2.3 (with restriction S = T), one gets Tz e Fi{z)r\Fj{z) for some 
z ^ K. Consequently M{z,z) = 0, contradicting the fact M{x,y) > 0. Therefore 
M(x,y) = 0 for some x,y ^K which implies Tx G i*i(x) for every odd integer (z G 
N) and Tx = Ty e Fj{y) for every even integer (j € iV). If M{x, x) = 0 then Tx e 
Fj{x) for every even integer (J € N) and if M{x, x) ^0 then on using (3.3.1.1), one 
infers that d(Tx, Fj{x)) < 0 yielding thereby Tx G Fj{x) for every even integer {j G 
N). Similarly, in either of the cases M(j/,y) = 0 or M{y, y) > 0, one concludes that 
Ty G Fi{y) for every odd integer (t G N). Thus we have shown that {Fn} and T 
have a common point of coincidence. This completes the proof. 
Remark 3.3.1. A remark similar to Remark 2.2.2 remains pertinent in the context 
of Theorem 3.3.1. 
In particular, by setting Fi = F (for every odd integer i e N), Fj = G (for 
every even integer j G N) and T = IK in. Theorem 3.3.1, we deduce a corollary for 
a pair of multi-valued mappings which presents an improved version of a result due 
to Khan[99]. 
Corollary 3.3.1. Let (X, d) be a complete metrically convex metric space and K 
be a nonempty compact subset of X. Let F,G : K -> CB{X) satisfying: 
(C34) xe5K=^ F{x) U G{x) C K 
(C35) F and G are continuous on K and 
HiFx, Gy) < a max{\d{x, y), d(x, Fx), d{y, Gy)} + b {d{x, Gy) + d{y, Fx)} 
for all X,y G /(T with z ^ y, a,6 > 0 such that (3.3.1.2) holds. Then there exists 
zeK such that zeFzH Gz. 
• • • • • 
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CHAPTER 4 
COMMON FIXED POINT THEOREMS 
FOR TWO PAIRS OF NONSELF 
MAPPINGS VIA ALTERING DISTANCES 
CHAPTER 4 
Common fixed point theorems for two pairs of 
nonself mappings via altering distances ^ 
§ 4.1. Introduction 
Park[118] and Khan et al.flOl] used a new technique to prove fixed point theo-
rems on metric spaces by altering distances between the points employing suitably 
equipped continuous control functions. In recent years considerable progress has 
been done in this direction and for the work of this kind one can be referred to 
Pathak and Shanna[120], Sastry and Babu[146, 147] which includes results on fixed 
as well as common fixed points. In 2000, Sastry et al.[148] proved some interesting 
fixed point theorems while generalizing a theorem of Pant[115] by altering distances 
between the points using a control function ^ : i?"*" -> W' which enjoys the following 
properties: 
(rfi) ^ is continuous at the origin and monotonically increasing in i?+, 
(^ 2) <f>it) = 0 if and only if < = 0, and 
ids) <j>{2t) <2(t>{t). 
Sastry et al.[148] furnished two interesting examples estabUshing the fact that 
<}> equipped with above mentioned properties need not be subadditive. For fiuiiher 
details and verifications we refer to [148]. We may notice that the idea of altering 
distances between the points in nonself setting has already been utilized by several 
researchers which include Assad [10, 11], Abdalla and Zaheer[12] and others. In 
the present chapter, we shall prove some common fixed point theorems for fovu: 
nonself mappings defined on closed as well as compact subsets of a metrically convex 
metric space employing the continuous monotonically increasing control function 0 
which satisfies (da) and (^ 3) wherein we have used a contraction condition (4.1.1.1) 
patterned after (2.2.1.1). As earher, we have presented our results in two sections. 
A^ paper based on the contents of this chapter has ah-eady been accepted for 
publication in 'Intemat. J. Math. Math. Sci.' 
In Section 4.2, we present those results which require the continuity of some or all 
involved mappings whereas Section 4.3 is devoted to the results which never requue 
the continuity of the involved maps. 
Before proceeding to our main discussion, we give first the following: 
Definition 4.1.1. Let {X, d) be a metric space and K hea nonempty subset of X. 
Let F,G,S^T : K -¥ X which satisfy the condition: 
4>{d{Fx,Gy)) < a max{\<f>{d{Tx,Sy)),<j>{d{Tx,Fx)),<j>{d{Sy,Gy))} 
+ 6 {(i>{d{Tx, Gy)) + <i>{d{Sy, Fx))} (4.1.1.1) 
for all z, y € i'^  with x ^ y, a, 6 > 0 such that a + 26 < 1, where <f): R^ -^ R^ he o. 
mapping which satisfies (di), (^ 2) and (da)- Then (F, G) is called generalized (T, S) 
contraction mappings of K into X. 
The following lemma will be used in the proof of main result. 
Lenuna 4.1.1 [148]. Let <f>: R^ -¥ R^ he increasing continuous function at the 
origin and vanishing at the zero. Then {t„} C R^ and 0(tn) -> 0 implies i„ —> 0. 
§ 4.2. Results with continuity 
In the present section, we prove yet another extension of Theorem 2.2.1 by 
altering distances between the points with the aid of a continuous increasing func-
tion <f) satisfying (^ 2) and (^3). Some related results for 'compatibility' and 'weak 
commutativity' are also proved besides deducing several corollaries. 
Theorem 4.2.1. Let {X, d) he a complete metrically convex metric space and K he 
a nonempty closed subset of X. If (F, G) he generalized (T, S) contraction mapping 
of K into X satisfying (615), (frie), (617) and (big), then F, G, S and T have a unique 
common fixed point. 
Proof. If we set Fi — F (for every odd integer i e N) and Fj = G (for every even 
integer j e N) m Theorem 2.2.2, then following hnes of its proof, one can construct 
sequences {xn} and {y„} satisfying the next properties: 
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(^4) y2n = GX2n-l, !/i2n+l = FX2n, 
(rfs) VineK^ y2n = Tx2n OX y^n ^  K ^ Tx2n € 8K and 
d{SX2n-\,TX2n)-^ d{Tx-in,y2a) = d (5x2n- l , J/2n), 
{(k) y2n+i eK=^ y2n+i = Sx2n+i 01 y2n+i ^ i^ T =^ 5x2n+i £ «J-ft^  and 
d(TX2n, SX2n+l) + d{SX2n+l, y2n+l) = d(Tx2n, y2n+l)-
We denote 
Fo = {TX2i e {TX2n} : TX2i = y2i}, 
Px = {Txai € {Tx2a} : Tx^ 7^!/»}, 
Qo = {52:21+1 € {5x2n+i} : Sx2i^\ = y2t+i}, 
Ql = {5X2i+l € {5x2n+l} : 5X2i+l 7^  J/2t+l}-
Note that (Txan,5x2„+i) ^Px>^Q\- SimUarly (5x2n-i,ra;2n) ^Qi^Pi-
Now, we distinguish the following three cases. 
Case 1. If (Tx2n, 'S'x2„+i) e Po x Qo, then 
0(d(rX2n,5x2„+l ) ) = (t>id{FX2n,GX2n-l)) 
< a max{l^{d{TX2n,SX2n-l)),<f>{d{TX2n,FX2n)), 
<l>{d{SX2n-l, GX2n-l))} + b {<l>{d{Tx2n, Gx2n-l)) 
+ <l>(d{Fx2n,SX2n-l))} 
= a max{<f>{d{y2n,y2n-l)),<f>{d{y2n,y2n+l))} 
+ 6 ^ ( % 2 n - l , y 2 n + l ) ) 
= a max{(f){d{y2n, y2n-l ) ) , ^ ( % 2 n , y2n+l))} 
+ b {(f>{d{y2n-l,y2n) + d{y2n, y2n+l))} 
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= a max{(^(d(j/2n-l, !/2n)), <f>{d{y2n, y2n+l))} 
+ 6 0{2 max[d{y2n-i,y2n), d{y2n, y2n+i)]}-
If d(y2n-l,y2n) > rf(!/2n+l,y2n), then 
<j){d{Tx2n, SX2n+l)) < (a + 26)<^(d(TX2„, Sx2n-l)). 
Otherwise, if d(y2n-i,y2n) < d(y2n+i,y2n), then we have 
((>{diTX2n, SX2n+l)) < « <^ (d(y2n, y2n+l)) + 26 0(d(y2n, y2n+l)) 
< (a + 26) 4>{d{y2n, y2n+i)) 
which is a contradiction. Hence 
<f>{d{TX2n,Sx2n+l)) < (a + '2b)(t>{d{TX2n, Sx2n-l)). 
Similarly, if {Sx2n-\,Tx2n) € Qo x Po, then 
<l){d{SX2n-uTX2n)) < (a + 2b)<t>{d{SX2n-uTX2n-2)). 
Case 2. If (Trcan, 5'x2n+i) e Po x Qi then we have 
d{TX2n, SX2n+l) + d{Sx2n+U y2n+l) = d{TX2n, y2n+l) 
which in turn yields 
d(TX2n, SX2n+l) < d{TX2n,y2n+l) = d(y2n, y2n+l), 
and hence 
<f>(d{Tx2n,Sx2n+l)) < <t>{d{TX2n,y2n+l)) = <l>{d{y2n, y2n+l))• 
Now, as in Case 1, we obtain 
<f>{d{TX2n, SX2n+l)) < (a + 2b)4>(d{TX2n, SX2n-l)). 
In case {Sx2n-i,Tx2n) G Qi x Po, then 
(f>{d{SX2n-l,Tx2n)) < {a + 2b)<f>{d{SX2n-l,TX2n-2)). 
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Case 3. If (T2:2n,<S'a;2n+i) ^ Pi x Qo then Sx2n-i e Qo- Proceeding as in Case 1, 
we get 
d{TX2rv,Sx2n+l) = d{Tx2n,y2n+l) < d{TX2n,y2n) + d{y2n,y2n+l)-
Note that d(t/2n,y2n+i) = d{Fx2n,Gx2n-i) therefore proceeding as in Case 1, we 
have 
<^(d(y2n, y2n+l)) = <t>idiFx2n, Gx2n-l ) ) < (a + 2b)<f>{diTX2n, Sx2n-l)) 
< <l>{d(TX2n,Sx2n-l), 
and thus d{y2n,y2n+i) < d{Tx2n,Sx2n-i), as 0 is an increasing function, we can 
therefore write 
d{TX2n,Sx2n+l) < d{TX2n,y2n) + d{TX2n, Sx2n-l) = d{Sx2n-Uy2n) 
and hence 
(f>id{TX2n,SX2n+l)) < <t>{d{Sx2u-Uy2n)) < (a + 2b)(f){d{TX2n-2, Sx2n-l)) 
< k <f>{d{Tx2n-2,Sx2n-i)), wheic k = {a + 2b). 
Thus in all cases, we have 
4>{d{TX2n, SX2n+l)) < k max{(t>{d{Sx2n-l,TX2n)),^id{TX2n-2, Sx2n-l))} 
whereas 
<l>{d{SX2n+l,TX2n+2)) < k max{(f>{d{Sx2n-l,TX2n)),4>{d{TX2n, Sx2n+l))}-
It can be shown by induction that for n > 1, 
<i>{d{Tx2n,Sx2n+i)) < fc^""^ maa;{<^(d(rxo, 5xi)), 0(d(5xi, Txa))} 
and 
<t>{d{Sx2n+i,Tx2n+2)) < fc^" max{(l>{d{SxuTx2)),4>{d{Txo,Sxi))}. 
Now, for any positive integer p, we have 
<j){d{Tx2n,SX2n+p)) < (l>{d{TX2n,Sx2n+l) + d{Sx2n+l,Tx2n+2) + — 
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+ d{TX2n+p-U Sx2n+p)} 
< (t>{{l + k + k'^ + ... + fcP-^)/:^" max[d{Txo,Sxi),d{Sxi,Tx2)]} 
< ^{ ( f i ) max[diTxo,Sxi),d{Sxi,Tx2)]} 
which shows that the sequence ^TXQ, Sxi,Tx2j Sxs,..., Sx2n—ii2^2J2n» Sx2n+ij •••} is 
Cauchy. Then as noted in [58], there exists at least one subsequence {Ti2nfc} or 
{Sx2nk+i} which is contained in Po or Qo respectively and finds its Umit z e K. 
Further, subsequences {Tx2nk} *"^ ^ {Sx^nk+i} both converge to 2 G /(T as /f is 
a closed subset of a complete metric space {X,d). Since Txamt — Gx2nk-i aiid 
Sx2nfc-i € K, using pointwise r-weak commutativity of (G, S), we have 
d{SGX2n,-l, GSx2r.,-i) < Ti d{GX2n,-U SX2n,-l) (4.2.1.1) 
for some ri > 0. Also 
d(5C?X2„,_i, Gz) < d(5Gx2„,_i,G5x2„,-i) + d{GSx2n,-i,Gz). (4.2.1.2) 
Making A; -»• oo in (4.2.1,1) and (4.2.1.2) and using continuity of G and S, we get 
d{Sz, Gz) < 0 yielding thereby Gz = Sz. 
Since 2/211^+1 = Px'ink £^ nd I'^Tni, ^ -^j the pointwise r-weak commutativity of 
(F,T)impUes 
d{TFX2n„FTX2nJ < Ti d ( F x 2 „ „ TXanJ 
for some r2 > 0. Also 
d{TFx-^,.Fz) < d{TFx2n,,FTX2n,) + diFTX2n„Fz). 
Therefore, as previously the continuity of F and T impUes d{Tz, Fz) < 0 giving 
thereby Tz = Fz as A; ->^  00. 
Now, consider 
<l){d{Tz, Sz)) = <f>{d{Fz, Gz)) 
< a inax{^<f>(d(Tz, Sz)), (f>{d{Tz, Fz)), <f>{d{Sz, Gz))} 
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+ b {<j>{d{Tz, Gz)) + <l>{d{Sz, Fz))} 
<{&+2b)<l>{d{Tz,Sz)) 
yielding thereby Tz = Sz which shows that z is a common coincidence point of the 
mapsF,G,5andT. 
Next, to prove that z is the fixed point of F, consider 
<f>idiFz,TX2n,)) = <f>{diFz,GX2n,-l)) 
< a maxq<l>id{Tz,5x2n,-i)),(l>{d{Tz, Fz)), <l>{d{Sx2n,-u Gx2n,-i))} 
+ b {(i>{d{Tz,Gx2n,-i)) + (f>idiSx2n,-i,Fz))} 
which on letting fc -> oo, reduces to 
<i>{d{Fz,z))<{^ + 2b)(f>{d{Fz,z)). 
Thus z is a fixed point of F and hence z = Fz = Tz = Sz = Gz which shows that 
z is the common fixed point of F, G, S and T. 
The uniqueness of the common fixed point follows easily due to contraction 
condition (4.1.1.1). This completes the proof. 
Remark 4.2.1. By choosing <^ (t) = t, G = F and S = T = IK in Theorem 4.2.1, 
we deduce a slightly sharpened form of Theorem 2.2.1. 
Now, we deduce several corollaries by restricting F, G, S and T suitably. It is 
interesting to note that some of these corollaries are seeming new to the Uterature. 
Firstly, by setting G = F and 5 = T in Theorem 4.2.1, we deduce the following 
corollary involving a pair of nonself single valued mappings. 
Corollary 4.2.1. Let {X,d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X with F,T : K -^ X satisfying 
<l>{d{Fx, Fy)) < a max{l<f>{d{Tx,Ty)), <f>{d{Tx, Fx)), (}>{d{Ty, Fy))} 
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+ b {(PidiTx, Fy)) + <f>{d{Ty, Fx))} 
for every x,y e K, with x ^y, a,b>0 such that a + 2b < 1, where <f): R^ -^ R+ 
be a mapping satisfying (di), (^ 2) and (ds). Suppose that 
(dr) 6K CTK,FKnKC TK, 
(ds) Txe6K=i^Fxe K, 
(dg) {F, T) is pointwise r-weakly commuting pair, 
(dio) T and F are continuous on K. 
Then F and T have a unique conunon fixed point. 
Finally, by setting 5 = T in Theorem 4.2.1, we deduce a corollary involving 
three nonself single valued mappings F, G and T which nms as follows: 
Corollary 4.2.2. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X with F,G,T : K -¥ X satisfying 
<f>{d{Fx, Gy)) < a max{^(l>{d{Tx, Ty)), <f>{d{Tx, Fx)), <f>{d{Ty, Gy))} 
+ b {<l>{d{Tx, Gy)) + <j>{d{Ty, Fx))} 
for every x,y e K with x ^ y, a,b>0 such that a + 26 < 1, where <p : R'^ -^ R^ 
be a mapping satisfying (di), (d2) and (da). Suppose that 
(du) SK C TK,{FKUGK) nKCTK, 
(dn) Txe6K=^ Fx, Gx e K, 
(dis) F, G and T are continuous on K. 
Moreover, if T is pointwise j—weakly commuting with each F and G, then F, G and 
T have a imique common fixed point. 
Here, let us remark that Theorem 4.2.1 remains true if we replace 'pointwise 
r—weak commutativity with 'compatibihty'. 
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Theorem 4.2.2. Theorem 4.2.1 remains true if we replace 'pointwise r—weak com-
mutati\'ity' by 'compatibility' in (617). Let F,G,S,T : K -^ X satisfying (4.1.1.1), 
(hs), ihe) and (bis). Then F, G, S and T have a miique conmaon fixed point. 
Proof. The proof of the theorem is similar to that of Theorem 4.2.1, hence it is 
omitted. 
In our next theorem, we notice that Theorem 4.2.1 remains true if 'closedness 
of K' is replaced by 'compactness of K\ 
Theorem 4.2.3. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty compact subset of X. Let F,G,T : K -> X satisfying (dn), (^ 12) 
and 
(du) <f>{d{Fx,Gy)) < M{x,y) with M(x,y) >Q,loxa31x,yeK where 
M{x, y) = a max{\(i>{d{Tx, Ty)), <l>{d{Tx, Fx)), <i>{d{Ty, Gy))} 
+ b {0(d(Tx, Gy)) + <i>{d{Ty, Fx))} (4.2.3.1) 
for all X, y G X with a, 6 > 0, where a + 26 < 1. 
If r is compatible with each F and G and all the involved three maps are continuous 
on K, then F, G and T have a unique common fixed point. 
Proof. We assert that M{x, y) = 0 for some x,y G K. Otherwise M(x, y) 7^  0, for 
any x,y E K imphes that 
_ mFx,Gy)) 
^^^'^^- M{x,y) 
is continuous and satisfies f{x,y) <1 for all (x,y) G A"xK. Since KxK is compact, 
there exists {u,v) €: K x K such that f{x,y) < f(u,v) = c < I ioi x,y e K which 
in turn yields ^(d(Fx, Gy)) < c M(x, y) for x,y e K and 0 < c < 1. Therefore using 
(4.2.3.1), one obtains {ca + 2c6) < 1. Now by Theorem 4.2.2 (with restriction S = 
T), one gets Tz = Fz and Tz = Gz for some z €. K. Consequently M{z, z) = 0, 
contradicting the fact M{x,y) > 0. Therefore M{x,y) = 0 for some x,y e K which 
hnplies Tx = Fx and Tx = Ty = Gy. If M{x,x) = 0 then Tx = Gx and if 
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M(x, x) ^0 then on using (4.2.3.1), one infers that d{Tx, Gx) < 0 jdelding thereby 
Tx = Gx. Similarly, in either of the cases M{y, y) = 0 or M(y, y) > 0, one concludes 
that Ty = Fy. Thus we have shown that F, G, S and T have a common point of 
coincidence. The rest of the proof is identical to that of Theorem 4.2.1. This 
completes the proof. 
Remark 4.2.2. A remark similar to Remark 2.2.2 remains pertinent in the context 
of Theorem 4.2.3. 
As mentioned earlier, here we present those theorems which require continuity 
of some or all the involved mappings. 
Theorem 4.2.4. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X Let F,G,S,T : K -^ X satisfying (4.1.1.1), (615), 
(&16), (621) a n d 
{dis) (F, T) and {G, S) are weakly conmmting pairs. 
Then F, G, S and T have a unique common fixed point. 
Proof. Following the lines of the proof of the Theorem 4.2.1, we can show that 
the sequence {Tx2n} is Cauchy and there exists at least one subsequence {Tx2nk} 
or {Sx2n^+i} which is contained in P© or Qo respectively and finds its limit z in 
K. Suppose that S is continuous and there exists a subsequence {Tx2nk} which is 
contained in F© for each k e N, then {STx2nk} converges to Sz. On using weak 
commutativity of the pair {G, S), one can write 
d{STx2nk,GSX2nk-l) < d{Sx2n^-i,Gx2nk-l) 
which on letting A: -> 00, yields 
diSz,GSx2n,-i)-^0. 
In order to show that Sz = z, consider 
<i>(d{Fx2n„GSX2n,-l)) < a max{^(l>{d{TX2n„ SSX2n,-l)),<l>{d{TX2n„ FX2n,)), 
(f>idiSSX2n,-l, GSX2n,-l))} + t {<f>{d{TX2n,,GSX2n,-l)) + 
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(l>{d{SSX2n,-uFX2nM 
which on letting k -¥ oo, reduces to 
(f>{d{z, Sz)) < a max{\(l>{d{z, Sz)\ 0,0} + 6 {<l>{d{z, Sz)) + 4>{d{z, Sz))} 
<{^ + 2h)<j>{d{z,Sz)) 
yielding thereby z = Sz. Next, we consider 
(l>{d{Fx2n^,Gz)) < a TnaxQ(f>{d{Tx2n„Sz)),<l>{diTx2n„Fx2n,)),HdiSz,Gz))} 
+ b {<t>{d{TX2n,,Gz)) + 4>{d{Sz, FX2n,))} 
which on letting /c -> oo, reduces to 
<}>{d{z, Gz)) < a max{0,0, (j){d{z, Gz))} + b {< (^d(z, Gz)) + 0} 
<{a + b)<f>{diz,Gz)) 
implying thereby z = Gz. 
Since z is in the range of G and GKnK C TK, there exists a point u e K such 
that Tu = z. Therefore 
(f>id{Fu,z)) = (l>{d{Fu,Gz)) 
< a max{l(f){d{Tu, Sz)), (j){d{Tu, Fu)), (f>{d{Sz, Gz))} 
+ b {<f>id{Tu, Gz)) + <}>{d{Sz, Fu))} 
< a max{0,0(d(z, Fu)), 0} + 6 {0 + < (^d(z, Fu))} 
<{a + b)(l){d{z,Fu)) 
implying thereby Fu=^ z = Tu. Also, we can write 
d{Fz,Tz) = d(FTu,rFu) < d{Fu,Tu) 
which imphes that Fz = Tz. In order to show that Fz = z, we consider 
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<l>{d{Fz,z)) = </>id{Fz,Gz)) 
< a Tnax{l<t>{d{Tz,Sz)),<f>{d{Tz,Fz)),(f>{d(Sz,Gz))} 
+ b {<f>{d{Tz, Gz)) + <f>{d{Sz, Fz))} 
< a max{\(f)[d{Fz, z)),0,0} + 6 {0(d(Fz, z)) + (^(d(z, Fz))} 
<{& + 2b)<f>id{z,Fz)) 
yielding thereby Fz = z = Tz. 
Hence Sz = Gz = Fz = Tz = z. Thus z is the common fixed point of F, G, S 
and T. In case T is continuous, a similar proof can be given, hence it is omitted. 
Next, let us assume that F is continuous, then the sequence {FTxin^} converges 
to Fz. Since the pair (F,T) commutes weakly, therefore as earUer it follows that 
{TFx2n^} converges to Fz. Now consider 
<l>id{FFx2n„Gx2n,-i)) < o max{^<f>{d{TFx2n,,Sx2n,-i)), 
<f>{d{TFx2n„FFx2n,)), <t>{d{SX2n,-U Gx2n,-l))] 
+ b{<f>id(TFX2n„GX2n,-l)) + <P(d(SX2n,-U FFx^J)} 
which on letting fc -> oo, reduces to 
<f>{d{z, Fz)) < a max{\(f>{d{Fz, z)), 0,0} + 6 {<^(d(Fz, z)) + (l>id{Fz, z))} 
<{^ + 2b)<t,{d{Fz,z)) 
yielding thereby Fz = z. Similarly 
(f>{d(Tz,Gx2„,-i)) = <l>(d{Fz,Gx2a,-i)) 
< a max{\<f>id{Tz,Sx2n,-i)),<t>{d{Tz,Fz)), 
(t>id{SX2n,-uGx2n,-l))} + 6 {<^(d(Tz, Gx2„,_i)) 
+ <f>{d{SX2n,-l,Fz))} 
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which on letting k —^ oo, reduces to 
(l){d{Tz, z)) < a rrmx{l(f>{diTz, z)), <i>{d{Tz, 2)), 0} + 6 {<l>{d{Tz, z)) + 0} 
<{a + b)(f>id{Tz,z)) 
which is a contradiction, implying thereby Tz = z. 
Note as earlier Fz = z, it means that 2 is in the range of F and then due to the 
relation FK r\K C SK, there exists a point v^K such that Sv = z. Now consider 
(f>id(z,Gv)) = <p{d{Fz,Gv)) 
< a max{\(i>{d{Tz, Sv)), <l>{d{Tz, Fz)), ^(d(5u, Gv))} 
+ b {(i>{d{Tz, Gv)) + <l>{d{Sv, Fz))} 
< a max{0,0, d{z, Gv)} + b {<t>{d{z, Gv)) + 0} 
<{a + b)<l>{d{z,Gv)) 
yielding thereby z = Gv. Since the pair (G, S) commutes weakly, therefore 
d(Gz, Sz) = d{GSv, SGv) < d{Gv, Sv) 
which impUes that Gz = Sz. 
In order to prove Gz = z, consider 
(f>id{z,Gz)) = <f>{d{Fz,Gz)) 
< a max{\(f>id{Tz, Sz)), <f>{d{Tz, Fz)), (t>{d{Sz, Gz))} 
+ 6 {<j){d{Tz, Gz)) + <t>{d{Sz, Fz))} 
< a max{\<f>(d{z, Gz)), 0,0} + 6 {(f>{d{z, Gz)) + 0} 
<i^ + b)<P(d{z,Gz)) 
which impUes that z = Gz. Thus we obtained z = Sz = Tz = Gz = Fz, hence z is 
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the common fixed point of F, G, S and T. If we assmne G to be continuous, a similar 
proof can be given, hence it is omitted. If {iSa;2nfc+i} is contained in Qo, then the 
proof goes on similar lines, hence it is also omitted. 
The uniqueness of the common fixed point follows easily by contraction condi-
tion (4.1.1.1). This completes the proof. 
§ 4.3. Results without continuity 
As mentioned earUer, in the present section some conmion fixed point theorems 
are proved wherein continuity requirements of the maps are alternately replaced by 
closedness of TK and SK (or FK and GK). We state and prove the following: 
Theorem 4.3.1. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F,G,S,T : K -^ X satisfying (4.1.1.1), (615), 
and (feie). If TK and SK are closed subspaces of X. Then 
(die) (F, T) has a point of coincidence, 
(^ 17) {G, S) has a point of coincidence. 
Moreover, if the pairs (F, T) and (G, S) are comcidentally commuting, then F, G, S 
and T have a unique common fixed point. 
Proof. Following the lines of the proof of Theorem 4.2.1, one assumes that 
there exists a subsequence {Tx2nfc} or {Sx2tn,+i} which is contained in Po 
or Qo respectively. Since TK as well as SK are closed subspaces of X and 
{Tx2nk} is Cauchy in TK, it converges to a point z G TK. Let v e T~'^z, 
then Tv = z. Similarly {Sx2n^+i} being a subsequence of Cauchy sequence 
{Txo, Sxi,Tx2, Sxs,..., Sx2n-i,Tx2n, Sx2n+u •••} also couvcrges to 2 as SK is closed. 
Using (4.1.1.1), one can write 
<f>{d{Fv,TX2nJ) = <t>{d{Fv,GX2n,-l)) 
< a max{l(l>{d{Tv, Sx2n,-i)), (l>{d{Tv, Fv)), 
<P{d{Sx2n,-l, GX2n,-l))} + b {<i>{d{Tv, Gx2n,-l)) 
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+ (f>idiSX2n,-l,Fv))} 
which on letting k-^ cx>, reduces to 
(f>id{Fv, z)) < (a + 6)0(d(Fv, z)) 
yielding thereby Fv = z. Thus we get Fv = z = Tv which shows that u is a 
coincidence point of the pair {F,T). 
Since the pair (F, T) is coincidentally commuting, therefore 
z = Tv = Fv=>Fz = FTv = TFv = Tz. 
To prove that z is the fixed point of F, consider 
<f>{diFz,Tx2n,)) = (f>{d{Fz,Gx^^,.x)) 
< a max{^<t>{d{Tz,Sx2n,-i)),(l>{diTz,Fz)\ 
<l>{d{SX2n,-l, GX2n,-l))} + & {<(>{d{Tz, GX2n,-l)) 
+ <f>{d{SX2n,-l,Fz))} 
which on letting fc ->^  oo, reduces to 
(f>id{Fz,z))<{^ + 2b)(t>{diFz,z)) 
which shows that 2 is a common fixed point of F and hence z = Fz = Tz which 
shows that z is the common fixed point of F and T. 
Further, since Cauchy sequence {Tx2nk} converges to z e K and z — Fv, 
z e FK r\K d SK, there exists w ^ K such that Sw = z. 
Again using (4.1.1.1), we get 
(f>(d{Sw,Gw)) = (f){d{z,Gw)) = (f>{d{Fz,Gw)) 
< a max{^<f)(d(Tz, Sw)), <f>(d(Tz, Fz)), (f>(d(Sw, Gw))} 
+ b {(f>{d{Tz, Gw)) + <j){d{Sw, Fz))} 
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<(a + b)(f>{d{Sw,Gw)) 
implying thereby Sw = Gw which estabhshes the coincidence point of the pair 
{G,S). Similarly repeating the foregoing argmnents, one can show that z is the 
common fixed point of the pair (5, G). 
If we assume that there exists a subsequence {iS'x2nfc+i} which is contained in 
Qo with TK as well as SK are closed subspaces of X, then the proof goes on similar 
lines, hence it is omitted. 
The imiqueness of a common fixed point of the pairs (F, T) and {G, S) follows 
easily. This completes the proof. 
Remark 4.3.1. Theorem 4.3.1 remains true if we replace closedness of ^TK and 
SK' with closedness of 'FK and GK\ 
By restricting F,G,S and T suitably in the Theorem 4.3.1, we deduce some 
results as corollaries which can be stated as follows: 
Firstly, by setting G = F and T = 5 = /^ ^ in Theorem 4.3.1, we deduce the 
following corollary for single valued nonself mappings. 
Corollary 4.3.1. Let {X,d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F : K -¥ X he & map which satisfy 
<^(d(Fx, Fy)} < a max{^4>idix, y)), <f>(dix, Fx)), <l>{d{y, Fy))} 
+ b{<t>id{x,Fy)) + <f>{d{y,Fx))} 
(oT all x,y e K with x^y, a,6 > 0 such that a + 26 < 1, where 0 : i?+ -^ /?+ be a 
mapping satisfying (di), (^ 2) and (ds). 
Further, if for every x e SK, Fx e K, then F has a imique fixed point in K. 
Secondly, by setting G = F and 5 = T in Theorem 4.3.1, we deduce a corollary 
for a pair of nonself mappings. 
Corollary 4.3.2. Let {X, d) be a complete metrically convex metric space and K 
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be a nonempty closed subset of X. Let F,T : K -^ X he a. pair of maps which 
satisfy 
4,{d{Fx,Fy)) < a max{\(f>{d{Tx,Ty)\(t>{d{Tx,Fx)),(f>{d{Ty,Fy))} 
+ 6 {(t>{d{Tx, Fy)) + <t>{d{Ty, Fx))} 
for all X, 1/ € i'ir with x^y, a, 6 > 0 such that a + 26 < 1, where (^  : i?"*" -^ Z?"*" be a 
mapping satisfying (di), (^ 2) and (da). Suppose that 
(dis) <5A^  QTK.FKnKQ TK, 
(dig) Tx G (Jii' =^ Fa: G iiT, 
(d2o) (F, T) is coincidentally conunuting, 
(dai) TiC is closed in X. 
Then F and T have a unique common fixed point. 
Thirdly, by setting 5 = T = /ff in Theorem 4.3.1, we deduce a corollary 
involving a pair of nonself single valued mappings which nms as follows: 
Corollary 4.3.3. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F,G : K -¥ X he a. pair of maps which 
satisfy 
<f>{d{Fx,Gy)) < a max{|<A(d(x,y)),0(d(x,Fx)),0(d(y,G2/))} 
+ 6{0(d(x,Gy)) + <^(d(t/,Fx))} 
for every x,y e K with x ^ y, a,6 > 0 such that a + 2b < 1, where (f): R^ -^ R^ he 
a mapping satisfying (di), (d2) and (da). Suppose that 
(d22) xeSK=^ Fx, Gx G K. 
Then F and G have a unique common fixed point. 
Finally, by setting 5 = T in Theorem 4.3.1, we deduce a coroUary involving 
three nonself single valued mappings F, G and T which runs as follows: 
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Corollary 4.3.4. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F,G,T : K -^ Xhe three maps which satisfy 
<f>(d{Fx,Gy)) < a max{\<i>{d{Tx,Ty)),(i>{d{Tx,Fx)),<i>{d{Ty,Gy))} 
+ 6 {<t>{d{Tx, Gy)) + <i>{d{Ty, Fx))} 
for all x, y e /C with x^y, a, 6 > 0 such that o + 26 < 1, where <i>: R^ -¥ R^ he a. 
mapping satisfying (di), (^ 2) and (da). If 
(d23) iK C TK, (FK U GK) nKCTK, 
(^ 24) TxeSK^^i' Fx, Gx € K, 
(das) {F, T) and (G, T) are coincidentally commuting pairs, 
(die) TK is closed subspace. 
Then F, G and T have a unique common fixed point. 
Remark 4.3.2. We are not aware of such results as obtained above in the form of 
corollaries 4.3.1, 4.3.2, 4.3.3 and 4.3.4 exists in the available literature. 
• • • • • 
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CHAPTER 5 
COMMON FIXED POINT THEOREMS 
FOR TWO PAIRS OF NONSELF 
MAPPINGS BY ALTERING DISTANCES 
CHAPTER 5 
Common fixed point theorems for two pairs of 
nonself mappings by altering distances 
§ 5.1. Introduction 
Of course, to prove fixed point theorems for self maps of a metric space by 
altering distances between the points with the aid of a suitable continuous control 
function is a relatively new and interesting aspect of metric fixed point theory. 
Delbosco[37], Skof[157] and Khan et al.[101] proved some fixed point theorems for 
self maps in metric spaces by altering distances which have been generalized and 
improved by various authors in recent years. To mention a few, we cite Sastry and 
Babu[146,147], Pathak and Sharma[120] and some others. The continuous control 
fvmction employed in Khan et al.[102] to alter distances is a map <f): R^ -^ R^ {R^ 
denotes the non-negative reals) which enjoys the following properties. ^ ^Ig^ 
(ei) </> is continuous and strictly increasing in i?" ,^ 
(62) <^ (f) = 0 if and only if < = 0, and 
(ea) ^{t) = M t^ for every t > 0 where M > 0, ^ > 0 are constalfi 
In fact, Assad[10,ll] partially generalized the main result due to Khan et al.[101] 
for nonself single valued mappings with domains as closed subsets of the metrically 
convex metric spaces by altering distances between the points satisfying the prop-
erties (ei) and (62). Recently, Abdalla and Zaheer[12] extended the result due to 
Assad[10,ll] to a pair of nonself single valued mappings employing the notion of 
weak commutativity due to Hadzic[57]. 
In this chapter, we utilize the ideas of Khan et al.[l01] and Assad[ll] to prove 
common fixed point theorems for two pairs of nonself single valued mappings in 
metrically convex metric spaces which generalize earher results due to Assad[ll], 
Abdalla and Zaheer[12] and some others. 
§ 5.2. Results with continuity 
In this section, we prove some fixed point theorems involving two pairs of single 
valued nonself mappings satisfying contraction condition patterned after Assad[ll] 
and Abdalla and Zaheer[12]. Om: results are indeed generalization of earlier results 
due to Assad[ll], Abdalla and Zaheer[12] and others. The main result of this section 
runs as follows: 
Theorem 5.2.1. Let (X,d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F,G,S,T : K -> X be four maps which 
satisfy (615), (fcie), (617) and (bis) with 
<l>id{Fx, Gy)) < a {<i>{d{Tx, Fx)) + 4>{d{Sy, Gy))} 
+ h min{</>{diTx, Gy)), <i>{d{Sy, Fx))} (5.2.1.1) 
for all a:, 2/ € iiT with x^y, a, 6 > 0 such that 2a + 6 < 1, where 0 : i2+ -> iZ"*" be a 
mapping satisfying (ei) and (62). Then F,G,S and T have a imique common fixed 
point. 
Proof. If we choose Fi = F (for every odd integer i€ N) and Fj = G (for every even 
integer j e N) in Theorem 2.2.2, then following lines of its proof, one can construct 
two sequences {xn} and {j/n} satisfying (^4), (ds) and (de) besides defining Po, P\, 
Qo and Qi identically as in Chapter 4. 
Note that {Tx2n, Sx2n+i) ^ /'i x Qi- Similarly (5x2„-i,Tx2„) ^ Qi x P^. 
Now, we distinguish the following three cases. 
Case 1. If {Txin, Sx2n+i) G Po X Qo, then 
(f>{diTx2n,SX2n+l)) = <^(d(Fx2„, Gxsn- l ) ) 
< a {(l>id{TX2n,Fx2n)) + <f>{d{SX2n-l,GX2n-l))} 
+ 6 min{(j){d{TX2n, Gx^n-l)), 4>{d{SX2n-l, FX2n))} 
= 0, {<f>{d{y2n,y2n+l)) + <l>{d{y2n-U y2n))} 
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+ 6 min{0,4>(d(y2n-i,y2n+i))} 
which in turn yields 
(i>id{TX2n,Sx2n+l)) < {^)<t>{d{SX2n-uTX2n)). 
Sunilarly, if {Sx-in-i,Tx2n) G (3o x Po, then 
<^(d(5x2n-l,TX2„)) < {^)<i>{d{Sx2n-uTX2n-2)). 
Case 2. If (Tx2n, Sx2n+i} 6 Po x Qu then 
d{Tx^,SX2n+l) + d{SX2n+l,y2n+l) = d{TX2n,y2n+l), 
which in tiurn yields 
(l>{d{TX2n,Sx2n+l)) < <f>id{TX2n,y2n+l)) = <^(rf(j/2n, y2n+l)), 
and hence 
<f>id{TX2n,Sx2n+l)) < ^ ( % 2 n , J ^ + l ) ) = (i>{d{Fx2n,Gx2n-l))-
Now, proceeding as in Case 1, we have 
0(d(rX2n,5x2n+l)) < {^)<i>{d{Sx2n-uTx^)). 
In case (5x271-1, ^ xan) ^Q\ x Fo, then 
<^(d(5X2n-l.rX2n)) < ( i f ^ ) 0 ( d ( 5 x 2 n - l , T x 2 „ - 2 ) ) . 
Case 3. If (rx2n,5'x2n+i) G Pi X Qo, then 5x2n-i ^ Qo- Since rx2n is a convex 
linear combination of Sx2n-i and y2Tu it follows that 
d(rx2n, 5x2„+i) < max{d(5x2„-i, 5x2n+i), d{y2n, Sx2n+i)}. (5.2.1.2) 
Now, if d(5'x2n-i,5x2„+i) < d{y2n,Sx2n+i),then 
(t>{d{Tx2n, Sxtn+l)) < (t>{d{SX2n+U 2/2n)) = 4>{d{FX2n, Gx2n-l)) 
< a {<l>{d{TX2n, PX2„)) + 4>{d{SX2n-U G x 2 „ - l ) ) } 
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+ b min{(f){d(TX2n, GX2n-l)), <l>{d{Sx2n-l, FX2n))} 
= a {<l>{d{Tx2n,SX2n+l)) + 0 (d (5x2n- l , y2n))} 
+ b min{(f>{d{TX2n,y2n)), <t>{d{SX2n-U SX2n+l))} 
= a {<l>id{TX2n, SX2n+l)) + ^ (d (5x2„- i , y2n))} 
+ b<l>{d{Tx2n,y2n)). 
Since 
d{SX2n-uTx2n) + d{TX2n, Vin) = d{Sx2n-l,y2n) 
and hence <t>{d{Sx2n-i,y2n)) > <f>{d{Tx2n,y2n)), therefore 
<l>(d{Tx2n, SX2n+l)) < a {<l>{d{Tx2n. 5x2n+l)) + <f>{d{Sx2n-l, J/2n))} 
+ b<t>{d{SX2n-l,y2n)) 
which in turn yields 
<l>{d{Tx2n,SX2n+l)) < ( f ^ ) <f>{d{SX2n-uTX2n)). 
Next, if d(y2n, 5x2„+i) < d(Sx2n-i,Sx2n+i), then (from (5.2.1.2) ) 
d{TX2n, Sx2n+l) < d{SX2n-l, Sx2n+l) = d{FX2n,Gx2n-2) 
and hence 
<f>{d{TX2n,SX2n+l)) < <f>{d{FX2n,GX2n-2)) 
< a {<t>{d{TX2n, FX2n)) + (l>{d{SX2n~2, GX2n-2))} 
+ b min{(l>{d{Tx2n, Gx2n-2)), ^(d(5x2„-2, Fx2n))} 
= a {<f>{d{TX2n, SX2n+l)) + (f>{d{Sx2n-2,y2n-l))} 
+ b min{<l>{d{TX2n,y2n-l)), <f>{d{Sx2n-2, 5X2n+l))} 
= a {<f){d{TX2n, SX2n+l)) + <t>{d{Sx2n-2,y2n-l))} 
80 
+ b<f>{d{TX2n,y2n-l)). 
Since by Case 2, d(Sx2n-2,y2n-i) > d{Tx2n,y2n-i) therefore, we conclude that 
<l>{d{TX2n,SX2n+l)) < ( f ^ ) <f>{d{SX2n-2,TX2n-l)). 
Thus m all the cases, we have 
(f>id{TX2n,SX2n+l)) < k min{<l>{d{Sx2n-uTX2n)),<f>{d(Tx2n-2, Sx2n-l))} 
whereas 
<l>{d{SX2n+uTX2n+2)) < k min{(f>{d{Sx2a~l,TX2n)\(l>{d{TX2n, SX2n+l))} 
where A; = max{^,f^}. 
It can be shown by mduction that for n > 1, 
<f>{diTx2n,Sx2n+i)) < fc^""' Tnin{<(>id{Txo,Sxi)),4>{d{Sxi,Tx2))} 
and 
<t>{d{Sx2n+uTx2n+2)) < fc^" min{<l>{d{Sxi,Tx2)),<l>{d{Txo,Sxi))}. 
On letting n -> oo the sequence {TXQ,Sxi,Tx2,8x3,...,Sx2n-i,Tx2n,Sx2n+i, •••} is 
Cauchy. Then as noted in [58], there exists at least one subsequence {rx2nfc} or 
{Sx2nk+i} which is contained in Po or Qo respectively and finds its limits z £ K. 
Further, subsequences {Tx^n,,} and {Sx2nk+i} both converge toz^KasKisa 
closed subset of complete metric space {X, d). Since Tx2nk = Gx-mk-i and 8x2x1^-1 ^ 
K, using pointwise r-weak commutativity of the pair (G, 8), we have 
d{8Gx2nk-l, G8x2nk-l) < H d(Gx2nfc-l, 8x2nk-l) (5.2.1.3) 
for some ri > 0. Also 
d{8Gx2n,-i,Gz) < d{8Gx2n,-i,G8x2n,-i) + d{G8x2n,-i,Gz). (5.2.1.4) 
Making /: -> oo in (5.2.1.3) and (5.2.1.4) and using continuity of G and 8, we get 
d{8z, Gz) < 0 yielding thereby Gz = 8z. 
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Since y2nfc+i = F^2nk a^ d^ {Tx^n^} C K, the pointwise r - weak commutativity 
of the pair (F, T) impUes 
for some r2 > 0. Also 
d{TFX2n„ FZ) < d{TFX2n„FTx2n,) + d{FTX2n,, Fz). 
Therefore, as previously the continuity of F and T implies d(Tz, Fz) < 0 giving 
thereby Tz = Fz as A; -> oo. 
Now, consider 
<f>(d(Tz,Sz)) = (f>{d{Fz,Gz)) 
< a {<f>idiTz, Fz)) + (t>{diSz, Gz)} 
+ b min{(l>{diTz,Gz)),<f>{d{Sz,Fz))} 
yielding thereby Tz = Sz. This shows that 2 is a common coincidence point of the 
mapsF,(?,5andT. 
Next, to prove that z is the fixed point of F, consider 
<f>id{Fz,TX2n,)) = <f>{d{Fz,GX2n,-l)) 
< a {<l>{diTz, Fz)) + <f>{d{SX2n,-U GX2n,-l))} 
+ b min{(i>{d{Tz, Gx2n,-i)), <i>{d{Sx2n,-i,Fz))} 
which on letting A; -> 00, reduces to 
<l>{d{Fz,z))<b<i>{d{Fz,z)) 
This shows that z is a fixed point of F and hence z is a common fixed point of the 
pair(F,r) . 
Since z is the common coincidence point of F, G, S and T therefore z is the common 
fixed pomt of F, G, S and T. 
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The uniqueness of conunon fixed point follows easily due to contraction condi-
tion (5.2.1.1). This completes the proof. 
By choosing F, G, S and T suitably, we deduce two corollaries describe in suc-
ceeding lines. 
Firstly, by setting G = F and S = T in Theorem 5.2.1, we deduce the following 
corollary involving a pair of nonself single valued mappings which generalizes a result 
due to Abdalla and Zaheer[12]. 
Corollary 5.2.1. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F,T : K —¥ X he & pair of maps which 
satisfy 
i>{diFx, Fy)) < a {(f>id(Tx, Fx)) + <f>{d{Ty, Fy))} 
+ b min{<f>{d{Tx, Fy)), 4>{d{Ty, Fx))} 
for every x,y E K with x ^y, a,b>0 such that 2a + b < 1, where 4>: R^ -^ R^ 
be a mapping satisfying (ei) and (62). Suppose that 
(64) SK CTK,FKnKC TK, 
(eg) TxeSK^Fxe K, 
(ce) (F, T) is pointwise r— weakly commuting pair, 
(ey) T and F are continuous on K. 
Then F and T have a imique common fixed point. 
Secondly, by setting S = T in Theorem 5.2.1, we deduce a corollary involving 
three nonself single valued mappings which appears to be new in the literature and 
nms as follows: 
Corollary 5.2.2. Let (X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F,G,T : K -^ Xhe three maps which satisfy 
<l>{d{Fx, Gy)) < a {<f>{d{Tx, Fx)) + (f>{d{Ty, Gy))} 
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+ 6 mm{<f>{d{Tx, Gy)), <t>{d{Ty, Fx))} 
for every x,y e K with x ^y, a,b>0 such that 2a + b < 1, where (^  : i2+ -^ i?"*" 
be a mapping satisfying (ei) and (62). Suppose that 
(eg) SK C TK,(FKUGK)nKCTK, 
(eg) TxeSK=i^ Fx, Gx G K, 
(eio) F, G and T are continuous on K. 
Moreover, if T is pointwise r— weakly commuting with each F and G. Then F, G 
and T have a unique common fixed point. 
As in earUer chapters Theorem 5.2.1 remains true for if we replace 'pointwise r— 
weak commutativity by 'compatibility' for the corresponding pairs. 
Theorem 5.2.2. Theorem 5.2.1 remains true if we replace 'pointwise 1— weak 
commutativity' by 'compatibihty' in (&17) and retaining the rest of the hypotheses. 
Proof. The proof of the theorem can be completed on the lines of Theorem 5.2.1, 
hence it is omitted. 
Theorem 5.2.1 survives for 'weakly commuting pairs' with the continuity of any 
one of the involved map. 
Theorem 5.2.3. Let (X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F,G,S,T : K -^ X such that (5.2.1.1), (615) 
and (feie) are satisfied. Suppose that 
(en) (F,T) and (G,S) are weakly commuting pairs, 
(ei2) one of F, T, G and S is continuous on K. 
Then F, G, S and T have a unique common fixed point. 
Proof. Following the lines of the proof of the Theorem 5.2.1, we can show that 
the sequence {Tx2n} is Cauchy and there exists at least one subsequence {Tx2nfc} 
or {Sx2nk+i} which is contained m PQ or Qo respectively and finds its limit z e 
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K. Suppose that S is continuous and there exists a subsequence {Tx2nk} which is 
contained in Po for each k e N, then {STx2n^} converges to Sz. On using weak 
commutativity of the pair (G, 5), one can write 
d(STX2n^,GSX2nt-l) < d^Sx^n^-U GX2nk-l) 
which on letting fc -> oo, yields d{Sz, GSx-in^-\) -^ 0. 
In order to show that Sz = z, consider 
<l>{d{Fx2n„GSx2n,-l)) < a {(f>{d{TX2n„Fx2n,)) + <f>{diSSx2n,-U GSx2n,-l))} 
+ b min{<f>{diTX2n,,GSX2n,-l)), <l>{diSSX2n,-U FX2n,))} 
which on letting A; -> oo, reduces to 
(f>{d{z,Sz)) < b min{(l>{d{z,Sz)),<l>{d{z,Sz))} 
yielding thereby z = Sz. Next, we consider 
<f>{d{Fx2n,, Gz)) < a {<l>{diTx2n,, Fx2nJ) + <l>{d{Sz, Gz))} 
+ b min{(f>id{Tx2n„Gz)),<f>{d{Sz,Fx2n,))} 
which on letting fc ^  oo, reduces to 
(^(d(z, Gz)) <a{0 + <t>{d{z, Gz))} + b min{<l>{d{z, Gz)), 0} 
implying thereby z = Gz. 
Since z is in the range of G then from the relation GK HK c TK, there exists a 
point uE K such that Tu = z. Therefore 
<P{d{Fu,z)) = <f>{d{Fu,Gz)) 
< a {<l>{d{Tu, Fu)) + <t>{d{Sz, Gz))} 
+ b min{(f){d{Tu, Gz)), <f>{d{Sz, Fu))} 
< a {0(d(2, Fu)) + 0} + & min{Q, <l>{d{z, Fu))} 
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implying thereby Fu = z = Tu. Also, we can write 
d{Fz,Tz) = d{FTu,TFu) < d{Fu,Tu) = 0 
which implies that Fz = Tz. 
In order to show that Fz = z, we consider 
<f>{diFz,z)) = (f>{diFz,Gz)) 
< a {4>{d{Tz, Fz)) + (t>{d{Sz, Gz))} 
+ 6 min{<l){d{Tz, Gz)), <f>id{Sz, Fz))} 
< b min{<l){d{Fz,z)),<t){d{z,Fz))} 
yielding thereby Fz = z = Tz. 
Hence Sz = Gz = Fz = Tz = z which shows that 2; is a common fixed point 
of F, G, S and T. In case T is continuous, a similar proof can be given, hence it is 
omitted. 
Next, let us assume that F is continuous, then the subsequence {FTxin^} 
converges to Fz. Since the pair {F,T) commutes weakly, therefore as earlier it 
follows that {TFx2nk} converges to Fz. Now consider 
<l>{diFFX2n,,GX2n,-l)) < « {<l>{d{TFX2n„ FFXin,)) + (f>{d{SX2n,-l, Gx2n,-l))} 
+ b min{(l>{d{TFX2n„Gx2n,-l)), <f>{d{SX2n,-l,FFx2n,))} 
which on letting k -^ 00, reduces to 
(l){d{z,Fz)) < b min{<p{diFz,z)),<f>{d{Fz,z))} 
yielding thereby Fz = z. Similarly 
(f>{d{Tz,Gx2n,-i)) < a {<f>id{Tz,Fz)) + <f>id{Sx2n,-i,Gx2n,-i))} 
+ b min{<j){d{Tz, Gx2n,-i)), <f>{d{Sx2n,-i,Fz))} 
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which on letting k —^ oo, reduces to 
<l){d(Tz, z)) < a {(f>{d{Tz, z)) + 0} + b min{<f>{d(Tz, z)), 0} 
implying thereby Tz = z. 
Since Fz = z, it imphes that z is in the range of F and then due to the relation 
FK r\K C SK, there exists a point v eK such that Sv = z. Now consider 
(f){diz,Gv)) = (f>{d{Fz,Gv)) 
< a {<t>{d{Tz, Fz)) + <f>{diSv, Gv))} 
+ b min{(l>id{Tz, Gv)), <p{d{Sv, Fz))} 
<a{0 + <(>{d{z, Gv))} + b min{<t>{d{z, Gv)), 0} 
yielding thereby z = Gv. Since the pair {G, S) commutes weakly, therefore 
d{GSv, SGv) < d(Gv, Sv) = 0 
implying thereby GSv = SGv which implies that Gz = Sz. 
In order to prove Gz = z, consider 
(f>{d{z,Gz)) = <f>{d{Fz,Gz)) 
< a {4>{d{Tz, Fz)) + <j){d{Sz, Gz))} 
+ b min{<t>{d{Tz, Gz)), <f>{d{Sz, Fz))} 
which imphes that z = Gz. Thus, we obtain z = Sz = Tz = Gz = Fz, hence z 
is a common fixed point of F, G, S and T. If we assume G to be continuous, then 
a similar proof can be given, hence it is omitted. If {5x211*4-1} is contained in Qo, 
then the proof goes on similar hues, hence it is also omitted. 
The uniqueness of the common fixed point follows easily due to contraction 
condition (5.2.1.1). This completes the proof. 
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By setting G = F and S = T in Theorem 5.2.4, we deduce a result due to 
Abdalla and Zaheer [12] involving a pair of nonself single valued mappings which is 
as follows: 
Corollary 5.2.3. Let {X,d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F,T : K -^ X he a. pair of maps which 
satisfy 
<f>id{Fx, Fy)) < a {(f>id{Tx, Fx)) + <}>{d{Ty, Fy))} 
+ h min{cP{d{Tx, Fy)), (i>{d{Ty, Fx))} 
for aW x,y e K with x ^y, a,b>Q such that 2a + b < 1, where <j): R^ -¥ R^ he a. 
mapping satisfying (ei) and (ea). Suppose that 
(en) 6K CTK,FKnKC TK, 
(eu) TxeSK=^ Fxe K, 
(615) F and T are weakly commuting, 
(cie) one of F and T is continuous on K. 
Then F and T have a unique common fixed point. 
Next, by setting 5 = T in Theorem 5.2.4, we deduce a corollary involving three 
nonself single valued mappings which is new to the literatvue. 
CorollcU^y 5.2.4. Let (X,d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F,G,T : K —^ X he three maps which satisfy 
(f>{d{Fx, Gy)) < a {<f>{d{Tx, Fx)) + 4>{d{Ty, Gy))} 
+ b min{<j){d{Tx,Gy)),4>{d{Ty,Fx))} 
for all x,y E K with x y^ y,a,b>0 such that 2a + b < 1, where 4>: R^ -^ R'^ he a 
mapping satisfying (ei) and (62). Suppose that 
(617) SK C TK, {FK U GK) nKQTK, 
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(eig) Txe5K=^ Fx, Gx € K, 
(eig) {F, T) and (G, T) are weakly commuting pairs, 
(e2o) one of F, G and T is continuous on K. 
Then F, G and T have a unique common fixed point. 
§ 5.3. Results without continuity 
In this section, we prove a result utilizing the closedness of TK and SK so as 
to relax the continuity requirements besides minimizing the commutativity require-
ments to the points of coincidence. In fact, we prove the following: 
Theorem 5.3.1. Let {X,d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F,G,S,T : K -> X he four maps which 
satisfy (5.2.1.1), (615), and (bie). If TK and SK are closed subspaces of X. Then 
(621) {F, T) has a point of coincidence, 
(^ 22) (G, S) has a point of coincidence. 
Moreover, if the pairs (F, T) and {G, S) are coincidentally commuting, then F, G, S 
and T have a unique common fixed point. 
Proof. Following the fines of the proof of the Theorem 5.2.1, let us assume that 
there exists a subsequence {Tx^n^} which is contained in Po. Since TK as well as 
SK are closed subspaces of X and {Tx2nk} is Cauchy in TK, it converges to a point 
z e TK. Let V G T~^z, then Tv = z. Also {Sx2n,,+i} being a subsequence of Cauchy 
sequence {Txo,<S'a;i,Tx2,i5'a;3,...,iSx2„_i,Tx2n,'S'x2n+i,...} converges to 2 as SK is 
closed. Using (5.2.1.1), one can write 
(f>{d{Fv,TX2n,)) = (j>{d{Fv,GX2n,-l)) 
< a {<j>{d{Tv,Fv)) + (t>{d{SX2n,-uGX2n,-l))} 
+ b min{(P(d{Tv, Gx2n,-i)), <f>{d(Sx2n,-i,Fv))} 
which on letting fc ^  00, reduces to 
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(f){d{Fv,z)) <a(l){d{Fv,z)) 
yielding thereby Fv =^ z. Thus, one gets Fv = z = Tv which shows that u is a point 
of coincidence of the pair {F, T). 
Since (F, T) is coincidentally commuting therefore 
z = Tv = Fv=^ Fz^ FTv = TFv = Tz. 
To prove that 2 is a fixed point of F, consider 
4>{d{Fz,TX2n,)) = <l){d{Fz,GX2n,-l)) 
< a {<t>{d{Tz, Fz)) + 4>{d{Sx2n,-u Gx2n,-i))} 
+ h min{(f>{d{Tz, Gx2n,-i)), <f>{d{Sx2n,-x,Fz))} 
which on letting A; -> 00, reduces to 
(l){d{Fz,z))<h<l>{d{Fz,z)) 
which shows that z is a common fixed point of F and T. 
Further, since Cauchy sequence {Tx2nk} converges io z ^ K and 2 = Fv, 
z e FK(iK C SK there exists w e K such that Sw — z. Again using (5.2.1.1), 
one gets 
(f){d{Sw,Gw)) = (f>{d{z,Gw)) = (f>{d{Fz,Gw)) 
< a {(f){d{Tz, Fz)) + <i>{d{Sw, Gw))} 
+ h min{(j){d{Tz, Gw)), (f){d{Sw, Fz))} 
implying thereby Sw = Gw which establishes that K; is a point of coincidence of the 
pair (G, S). Similarly repeating the foregoing arguments, one can show that z is the 
common fixed point of the pair {G, S). 
If we assume that there exists a subsequence {5x2,1^+1} which is contained in 
Qo with TK as well as SK are closed subspaces of X, then proof can be completed 
on similar lines, hence it is omitted. 
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The uniqueness of common fixed point of the pairs (F, T) and (G, S) follows 
easily. This completes the proof. 
Remark 5.3.1. Theorem 5.3.1 remains true if we replace closedness of T X and 
SK' with closedness of 'FK and GK\ 
If we choose G = F and S = T = IK iii Theorem 5.3.1, we deduce a result due 
to Assad[ll] involving single valued nonself mappings which is given below. 
Corollary 5.3.1. Let {X,d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F : K —^ X he a map which satisfy 
<f>{d{Fx, Fy)) < a {(f>{d{x, Fx)) + 4>{d{y, Fy))} + h mm{<l>{d{x, Fy)), 0(rf(y, Fx))} 
for a]lx,y e K with x y^y, a,b>0 such that 2o + 6 < 1, where 0 : i?"*" -> 72+ be a 
mapping satisfying (ei) and (62). Suppose Fx e K for each x G 5K. Then F has a 
unique fixed point. 
Lastly, by setting 5 = T = //<• in Theorem 5.3.1, we deduce a corollary involving 
a pair of nonself single valued mappings which nms as follows: 
Corollary 5.3.2. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F,G : K -^ X he a pair of maps which 
satisfy 
(l>{d{Fx, Gy)) < a {(l>{d{x, Fx))+^{d{y, Gy))}+b Tmn{(l>{d{x, Gy)), 4>{d{y, Fx))} 
for every x,y e K with x y^ y, a,b>0 such that 2a + 6 < 1, where (/>: i?+ -^ i?+ 
be a mapping satisfying (ej) and (62). Suppose that 
(623) XG5K^ Fx, Gx e K. 
Then F and G have a imique common fixed point. 
• • • • • 
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CHAPTER 6 
RHOADES TYPE FIXED POINT 
THEOREMS FOR A FAMILY OF HYBRID 
PAIRS OF MAPPINGS 
CHAPTER 6 
Rhoades type fixed point theorems for a family of 
hybrid pairs of mappings 
§ 6.1. Introduction 
It is well known that Ciric[33] fixed point theorem for generahzed contrac-
tions can not be extended to nonself mappings in metrically convex spaces ( cf. 
Rhoades[133] and Khan et al.(102] ). However, Rhoades[133j proved the following 
fixed point theorem for generalized like contractions. 
Theorem 6.1.1 [133]. Let {X,d) be a complete metrically convex metric space 
and K he a. nonempty closed subset of X. Let T : K —^ X satisfying 
diTx,Ty) < h max{\d{x,y),d{x,Tx), d{y,Ty), i[d(x,Ty) + d{y, Tx)]} 
for aU x,y e K with x j^ y, where 0 < h < 1 and q > 1 +2h. UTx e K for each 
X G 5K, then T has a miique fixed point in K. 
A number of extentions and generalizations of this celebrated theorem have been 
obtained in recent years. To mention a few, we cite Som and Mukherjee[159], Imdad 
and Kumar[75] and others. On the other hand, Rhoades[139] proved a multi-valued 
analogue of Theorem 6.1.1 wherein he employed a slightly more general contraction 
condition which runs as follows: 
Theorem 6.1.2 [139]. Let {X,d) be a complete metrically convex metric space 
and K he a. nonempty closed subset of X.LetT : K -^ CB{X) satisfying 
H{Tx, Ty) < h max{\d{x, y),d{x, Tx), d{y, Ty), ^[d{x, Ty) -h d{y, Tx)]} 
for all x,yeK with x^y, where 0 < / i < ^ ^ and a>\-\-^.liTx C K for 
each x G 5K, then T has a fixed point in K. 
Inspired by Ahmad and Imdad[l], Ahmed and Rhoades[4] proved the following 
fixed point theorem for two hybrid pairs of nonself mappings which unifies Theorems 
6.1.1, 6.1.2 and some other relevant results. 
Theorem 6.1.3 [4]. Let {X,d) be a complete metrically convex metric space and 
K he a. nonempty closed subset of X. Let F,G : K —^ CB{X) and S,T : K ^ X 
satisfying 
(/i) SKCSKn TK, FKnKCTK,GKnKC SK, 
(/a) TxeSK=^FxC K, Sx€SK=>GxC K, 
if3) {F, S) and (G, T) are compatible mappings, 
(/t) F, G, S and T are continuous on K, with 
H{Fx, Gy) < h max [\d{Sx,Ty), d{Sx, Fx), d{Ty, Gy), 
^,[d{Sx,Gy) + d{Ty,Fx)]} 
for all x,y e X with x ^y, where 0 < h < ~^'^^ and a > 1 + 1 ^ , then there exists 
a point z e X such that Sz = Tz e FzDGz. 
In this chapter, we extend Theorem 6.L3 (due to Ahmed and Rhoades[4] ) to 
a family of hybrid pairs of nonself mappings. Our results generaUze ear her results 
due to Rhoades[133, 139], Ahmed and Rhoades[4], Imdad and Kumar[75] and some 
others. 
Before discussing our results, we state the following: 
Definition 6.1.1. Let {X, d) be a metric space and K be a. nonempty subset of X. 
Let {F„}~=i : K -^ CB(X) and S,T : K ^ X satisfying 
HiFi{x),Fj{y)) < h max{^d{Tx,Sy),d{Tx,Fi{x)),d{Sy,Fj{y)), 
^,[d{Tx,Fj{y)) + d{Sy,Fi{xm (6.1.1.1) 
where i = 2 n - l , j = 2n, (n G N), i^ j ioi a.]lx,y € K,x ^ y with 0 < h < ~^+^ 
and o > I + j ^ - Then the pair {Fi,Fj) is called generalized {T,S) contraction 
mapping of K into X. 
Notice that by choosing F„ ,5 and T suitably, one deduces contraction condition 
due to Rhoades[133,139], Ahmed and Rhoades[4], Imdad and Kumar[75] and others. 
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§ 6.2. On fixed and coincidence points 
In this section, we discuss some fixed point theorems involving a family of hybrid 
pairs of nonself mappings satisfying an analogous contraction condition patterned 
after Ahmed and Rhoades[4]. Our results are indeed extention of earher results due 
to Rhoades[133, 139], Ahmed and Rhoades[4] and Imdad and Kumar[75]. Here, our 
improvement is two fold: 
(/s) The 'Compatibility condition' is substituted by 'pointwise r— weak commu-
tativity'. 
(/e) Our result involves a family of hybrid pairs instead of two hybrid pairs. 
Theorem 6.2.1. Let {X,d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let {/^„}^i : K -^ CB{X) and S,T : K ^ X 
satisfying (6.1.1.1), (6i), (ci), (63) and (64)- Then 
if7) {Fi,T) has a point of coincidence, 
(/g) (Fj, S) has a point of coincidence. 
Proof. Following the lines of the proof of Theorem 3.2.1, one can construct sequences 
{xn} and {y„} satisfying (04), (cs), (ce) and 
(/g) d(y2n {x2n-2)) + a^""^ and 
(/lo) d{y2n,y2n+l) < H {F2n+lix2n), F2n{X2n-l)) + a^" 
besides assigning the same definitions to notations Po, Pi, Qo and Qi- One can note 
t h a t {Tx2n,SX2n+l) ^ Pi X Qi and (SX2n-l,Tx2n) ^QlXPi. 
Now, we distinguish the following three cases. 
Case 1. If {Tx2n, Sx2n+i) e Po X Qo, then 
d{Tx2n, SX2n+l) < H{F2n+l{x2n), P2n(X2„-l)) + a^" 
< h max{ld{Tx2n,SX2n-l),d{TX2n,F2n+liX2n)), 
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d{Sx2n-l, F2n{X2n~l)), ^[d{TX2n, F2niX2n-l)) 
+ d(Sx2n-l,F2n+l{X2n))]}+a'^'' 
= h max{ld{TX2n, Sx2n-l),d{Tx2n, Sx2n+l),d{Sx2n-l,Tx2n), 
^[d{Sx2n-l,TX2n) + d{Tx2n, SX2n+l)]} + Ct^" 
< max{h d(TX2n, Sx2n-l) + O;^ '*, h d{TX2n, Sx2n-l) + f^, 
\[h d{Sx2n-uTx2n) + a''^{a + h)]} 
= h d{Tx2n, Sx2n-i) + max{j^, ^ } a^n 
<hdiTX2n,Sx2n-l) + Sl-
Similarly, if {Sx2n-i,Tx2n) e Qo x Po, then 
d{SX2n-l,TX2n) < h d{Tx2n-2, SX2n-l) + ^JZiT• 
Case 2. If {Tx2n,Sx2n+i) ^ Po x Qi, then 
d{Tx2n, Sx2n+l) + ^(5X271+1, y2n+l) = <^(T'a;2n, y2n+l) 
which in turn yields 
d{TX2n, SX2n+l) < d{TX2n,y2n+l) = d{y2n,y2n+l), 
and hence 
d{TX2n,SX2n+l) < d{y2n,y2n+l) < H{F2n+l{x2n), F2n{x2n-l))• 
Now, proceeding as in Case 1, we have 
d{Tx2n,SX2n+l) < h d{TX2n, SX2n-l) + g -
In case {Sx2n-i,Tx2n) ^Qi x -Po, then as earlier, one also obtains 
d{Sx2n-l,TX2n) < h d{SX2n-l,TX2n-2) + ^jZ^• 
Case 3. If {Tx2n, Sx2n+i) e Pi x Qo then Sx2n-i = y2n-\-
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Proceeding as in Case 1, one gets 
d{TX2n,SX2n+l) = d{TX2n,y2n+l) 
< d{TX2n, Vin) + rf(y2n, y2n+l) 
< d{TX2n, J/2n) + H{F2n+l{x2n), F2n(X2n-l)) + « ' " 
< d{Tx2n, y2n) + h m a x { i d ( T x 2 n , <S'X2n-l), d{Tx2n, F2n+l{x2n)) 
d{SX2n-l, i^2n(a:2n-l)), ^[diTX2n, F2n{x2n-l)) 
+ d{Sx2n-uF2n+l{x2n))]} + Ot''^ 
< d{TX2n, Vin) + h max{ld{TX2n, SX2n-l), d{TX2n, Sx2n+l), 
d(5x2n- l ,y2n) , ^[diTX2n,y2n) + d{SX2n-U Sx2n+l)]} + Ot 2n 
Since 
d{SX2n-l,Tx2n) + d{Tx2n,y2n) = d{SX2n-l,y2n) 
therefore 
d{Tx2n, SX2n+l) < d(SX2n-l,y2n) + h Tnax{ld{Sx2n-l,y2n), d{Tx2n, Sx2„+i), 
d ( 5 x 2 n - l , t/2n), ^[d{TX2n, y2n) + d{SX2n-U Sx2n+l)]} + Ct^" 
< max{{l + h)d{Sx2n-uy2n) + a^", (1 + h) d{Sx2n-i,y2n) + S 
l[hd{SX2n-l,y2n) + {a + h)(x''^]} 
< {1 + h) d{SX2n-Uy2n) + ^ 
< /i(l + h) d{Tx2n-2, Sx2n-i) + (1 + /i) ^ + g - (By Case 2) 
Thus if we write Z2n = Tx2n and Z2n+i = 'S'x2n+i, then one obtains 
' hd{zn.i,Zn) + -^ or 
h{l + h)d{Zn-2, Zn-l) + ^^+y_f" + S -
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d{Zn,Zn+l) < { 
Now, on the lines of Itoh[80], it can be shown that the sequence {2„} is Cauchy. 
Then as noted in [58], there exists at least one subsequence {Tx2nk} or {Sx2ni,+i} 
which is contained in Po or Qo respectively and finds its hmit z € K. Suppose that 
there exists a subsequence {Tx^n^.} which is contained in P©- Further subsequences 
{Tx2nk} and {5a;2tifc+i} both converge to z G K as K isa. closed subset of complete 
metric space (X,d). Since Tx2nk ^ ^ji^2nk-i) for every even integer j € N and 
{5x2nfc-i} C K. Using pointwise r— weak commutativity of (Fj, 5), we have 
d{SFj{x2n,-l),Fj{Sx2n,-l)) < ^ d{Fj{x2n,-l), Sx^n.-l) (6.2.1.1) 
for every even integer j G N with some r^ > 0. Also 
d{SFj{x2n,-l), Fj{z)) < d{SFj{x2n,-l), Fj{Sx2n,-l)) + d{Fj{SX2n,-l), Fj{z)). 
(6.2.1.2) 
On letting A; —>^  oo in (6.2.1.1) and (6.2.1.2) and using continuity of Fj and S, we 
get d{Sz,Fj{z)) < 0 yielding thereby Sz E Fj{z) for every even integer j G N. 
Since y2nk+i = Fi{x2nk) and {Txamt} C K, the pointwise r— weak commutativ-
ity of {Fi,T) implies 
d{TFiix2n,),Fi{TX2n,)) < Ts d ( F i ( x 2 „ J , T X 2 „ J 
for every odd integer i E N with some r2 > 0, besides 
d{TFi{x2nk),Fi{z)) < d{TFi{x2n,),Fi{Tx2nk))+d{FiiTX2nk),Fi{z)). 
Therefore, as previously, the continuity of Ft and T implies d{Tz,Fi{z)) < 0 
which gives Tz £ Fi{z) as k -^ oo, for every odd integer i G N. In order to show 
that Tz = Sz, we consider 
d{Tz,Sz)<^^HiF,{z),Fjiz)) 
< Vh max{ld{Tz, Sz), d{Tz, Fi{z)), d{Sz, Fj{z)), 
^,[diTz,Fjiz)) + d{Sz,F,iz))]} 
< Vh max{^d{Tz, Sz),0,0, ^ d{Tz, Sz)} 
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<max{^,'^,}d{Tz,Sz) 
yielding thereby Tz — Sz which shows that z is a common coincidence point of 
{F„}, S and T. If one assumes that there exists a subsequence {Sx^nk+i} contained 
in Qo, then proof can be completed on similar lines, hence it is omitted. This 
completes the proof. 
Before proving our next theorem, we deduce some results from Theorem 6.2.1 
by choosing Fj, Fj, S and T suitably. 
Firstly, by setting F„ = F (for all n G iV) and 5 = T in Theorem 6.2.1, we 
obtain the following corollary for a hybrid pair of mappings which can be viewed as 
a hybrid fixed point theorem corresponding to Theorem 6.1.2. 
Corollary 6.2.1. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed convex subset of X. Let F : K -¥ CB{X) and T : K -^ X 
satisfying 
H{Fx, Fy) < h max{^d{Tx, Ty\ d{Tx, Fx), d{Ty, Fy), 
^\d{Tx,Fy) + d{Ty,Fx)]} 
for all X,y G AT with x ^y, where 0 < /i < ~-^|^ and a > 1 + ^ . Suppose that 
(/ii) ^K CTK,FKnKC TK, 
ifn) TxeSK^FxC K, 
ifiz) {F,T) is pointwise r— weakly commuting pair, 
(/14) F and T are continuous on K. 
Then there exists z e K such that Tz e Fz. 
Secondly, by setting Fi = F (for every odd integer i G: N), Fj = G (for every 
even integer j G N) and iS = T in Theorem 6.2.1, we deduce a corollary involving 
three mappings F, G and T viewed as two hybrid pairs (F, T) and (G, T). 
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Corollary 6.2.2. Let {X,d) be a complete metrically convex metric space and K 
be a nonempty closed convex subset of X. Let F,G : K -^ CB{X) and T : K -^ X 
satisfying 
H{Fx, Gy) < h max{\d{Tx, Ty), d{Tx, Fx), d{Ty, Gy), 
^^[d{Tx,Gy) + d{Fx,Ty)]} 
for all X, y G iiT with x^^y, where 0 < / i< ~^+^ and a > 1 + ^ . Suppose that 
(/is) <5iir c Tir, (Fii: u GiiT) n ic c r/r , 
(/le) Tx € (JiT =4> (Fx U Gx) C K, 
(fir) F, G and T are continuous on K. 
Moreover, if T is pointwise r— weakly commuting pair with F as well as G, then 
there exists z ^ K such that Tz e FzHGz. 
Finally, by setting Fi = F (for every odd integer i e N) and Fj = G (for every 
even integer j E N) in. Theorem 6.2.1, we deduce a corollguy involving two hybrid 
pairs of nonself mappings which presents a shghtly improved form of Theorem 6.2.1 
due to Ahmaxl and Rhoades[4]. 
Corollary 6.2.3. Let {X, d) be a complete metrically convex metric spax;e and K 
be a nonempty closed subset of X. Let F,G : K -^ CB{X) and S,T : K -^ X 
satisfying 
(/is) SK C SK nTK,FK nK C SK,GK n K CTK, 
(/ig) TxeSK=^FxC K, Sxe6K=^GxC K, and 
H{Fx, Gy) < h max{^d{Tx, Sy), d{Tx, Fx), d{Sy, Gy), 
^[d{Tx,Gy) + d{Sy,Fx)]} 
for all X,y G K with x ^y, where 0 < h < ~-^+^ and a > 1 + | ^ . Suppose that 
(/20) {F,T) and {G,S) are pointwise r— weakly commuting pairs, 
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(/2i) F, G, S and T are continuous on K. 
Then there exists zeK such that Tz = Sz £ FzHGz. 
As in earUer chapters, Theorem 6.2.1 also remains true if we substitute 'point-
wise r— weak commutativity by 'compatibihty' for the corresponding pairs. 
Theorem 6.2.2. Theorem 6.2.1 remains true if we replace 'pointwise r— weak 
commutativity' by 'compatibihty' m (63). Let {F„}^i : K -^ CB{X) and S,T : 
K^X satisfying (6.1.1.1), (61), (ci) and (64). Then (Fi,T) as well as {Fj,S) have 
a point of coincidence. 
Proof. The proof is similar as that of Theorem 6.2.1, hence it is omitted. 
In the next theorem, we utilize the closedness of TK and SK so as to relax 
the continuity requirements besides limiting the commutativity requirements to the 
points of coincidence. In fact, we state and prove the following: 
Theorem 6.2.3. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let {F„}^i : K -^ CB{X) and S,T : K ^ X 
satisfying (6.1.1.1), (61) and (ci). UTK and SK are closed subspaces of X. Then 
(722) {Fi,T) has a point of coincidence, 
(723) {Fj, S) has a point of coincidence, 
(/24) T is quasi-coincidentally commuting and coincidentally idempotent w.r.t Fj, 
then {Fi, T) has a common fixed point, 
(/as) S is quasi-coincidentaUy commuting and coincidentally idempotent w.r.t Fj, 
then {Fj, S) has a common fixed point, 
(/26) if (/24) and (/as) are true then F„, S and T have a common fixed point. 
Proof. Following the fines of the proof of Theorem 6.2.1, one assumes that there 
exists a subsequence {Tx2nk} which is contained in Po- Since TK is closed sub-
space of X and {Txaufc} is Cauchy in TK, it converges to a point u e TK. Let 
V G T~^u, then Tv = u. Also {Sx2nk+i} being a subsequence of Cauchy sequence 
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{Txo, Sxi,Tx2,Sxs,...,Sx2n-i,Tx2n, Sx2n+i, •••} convcrges to u as SK is closed. Us-
ing (6.1.1.1), one can write 
d{Fi{v),TX2n,) < H{Fi{v),Fj{X2n,-l)) 
< h max{ld{Tv,Sx2n,-i),d{Sx2n,-uFj{x2n,-i)),d{Tv,Fi{v)), 
^[d{Tv, F,(X2„,- l ) ) + d(Sx2n,-U Fi(v))]} 
which on letting jfc —> oo, reduces to 
d{Fi{v),u)<h max{0,0, d{u, Fi{v)\ ^ [ 0 + d{Fi{v), u)]} 
<max{h,^}d{u,Fi{v)) 
yielding thereby u € Fi{v) which implies that u = Tv £ Fi{v) as Fi{v) is closed. 
Since Cauchy sequence {Tx2n} converges to u€ K and u E Fi(v), u G Fi(K) D 
K C SK, there exists w E K such that Sw = u. Again using (6.1.1.1), one obtains 
d{Sw,Fj{w)) = d{Tv,Fj{w)) < HiFi{v),Fj{w)) 
< h max{ld{Tv, Sw), d{Tv, Fi{v)), d{Sw, Fj{w)), 
^,[d{Tv,Fj{w)) + d{Sw,Fi{v))]} 
<max{h,^}d{Sw,Fj{w)) 
implying thereby Sw e Fj(w) (as Fj(w) is closed) which shows that w; is a point of 
coincidence of the pair (5", Fj). 
If one assumes that there exists a subsequence {Sx2nk+i} contained in Qo and 
SK is closed subspace of X, then noting that {52:2,^ +1} is Cauchy in SK, the 
foregoing arguments estabhsh that both the pairs (T,Fi) and (S,Fj) have a point 
of coincidence. 
Since v is a coincidence point of {Fi,T) therefore using quasi-coincidentally 
commuting as well as coincidentally idempotent property of T w.r.t. Fj, one can 
have 
Tv e Fi{v) ajid u = Tv^Tu = TTv ^Tv = u, 
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therefore 
u = Tu = TTv e TFiiy) C Fi{Tv) = Fi{u) 
which shows that u is a common fixed point of {Fi,T). Similarly, using the quasi-
coincidentally commuting as well as coincidentaUy idempotent property of S w.r.t. 
Fj, one can show that {Fj, S) has a common fixed point as well. This completes the 
proof. 
Remark 6.2.1. Theorem 6.2.3 remains true if we substitute closedness of 'TK and 
SK' with closedness of 'F„(A')' ( for aU n G N). 
In what follows, we deduce some corollaries corresponding to Theorem 6.2.3 by 
choosing Fj, Fj, S and T suitably. 
Furstly, by setting F^ = F (for all n e AT) and 5 = T = /;<: in Theorem 6.2.3, 
we deduce Theorem 6.1.2 due to Rhoades[139] proved for a multi-valued mapping. 
Corollary 6.2.4. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F : K ^ CB{X) satisfying 
H{Fx, Fy) < h max{\dix, y), d{x, Fx), d{y, Fy), ^[d{x, Fy) + d{y, Fx)]} 
for all x, y e /(T with x ^ y, where 0 < /i < ^^f^, a > 1 + ^ and Fx C /T for 
each X G 5K. Then F has a fixed point in K. 
Secondly, by setting Fn = F (for all n G A/') and 5' = T in Theorem 6.2.3, we 
deduce the following corolleiry involving a hybrid pair of mappings which seems new 
to the hteratinre. 
Corollary 6.2.5. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F : K -^ CB{X) and T : K ^t X satisfying 
H{Fx, Fy) < h max{\d{Tx,Ty), d(Tx, Fx), d{Ty, Fy), 
^[d{Tx,Fy)+d{Ty,Fx)]} 
for every x,y E K, where 0 < h < ~^'^^ and a > 1 + j ^ . Suppose that 
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(/27) ^K CTK,FKnKC TK, 
(/28) TxeSK=^FxC K, 
(/ag) TK is closed in X. 
Then (F, T) has a point of coincidence. Moreover, if T is quasi-coincidentally com-
muting and coincidentally idempotent w. r. t. F, then z is the common fixed point 
of(F,T). 
Thirdly, by setting Fi = F { for every odd integer i ^ N ) , Fj — G {iov every 
even integer j € N ) and S = T = IK in Theorem 6.2.3, we deduce a corollary 
involving a pair of multi-valued mappings which is stated as follows: 
Corollary 6.2.6. Let (X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F,G : K -^ CB{X) satisfying 
HiFx, Gy) < h max{\d{x, y\d{x, Fx), d{y, Gy), ^[dix, Gy) + d{y, Fx)]} 
for all X, y e A' with x^y, where 0 < / i< ~^^^ and a > 1 + | ^ . Suppose that 
(/so) x^5K^{FxUGx) C K. 
Then F and G have a common fixed point. 
Finally, by setting S = T = IK va. Theorem 6.2.3, we deduce the following 
coroUary for a sequence of multi-valued mappings which is stated sis follows: 
Corollary 6.2.7. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let {F„}^i : K —>• CB{X) satisfying 
(/ai) x^6K^ F„(x) C K, and 
H{Fi{x),Fj{y)) < a max{\d{x,y\d{x,Fi{x)\d{y,F^{y)l 
^M^My)) + d{y,F,{x))]} 
for aMx^yeK with x^y, where 0 < / i< ~^^^ and a > 1 + ^ • 
Then {F^} has a common fixed point. 
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§ 6.3. Resu l t s on maps wi th compact d o m a i n 
This section deals with a fixed point theorem involving mappings defined on a 
compact subset of the space wherein one requires the continuity of all the involved 
mappings. In fact, we prove the following: 
Theorem 6.3.1. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty compact subset of X. Let {F„}^i : K ->• CB{X) and T : K -^ X 
satisfying (622), (C33) and 
H{Fi{x),Fj{y)) < M{x,y), M{x,y) > 0, for all x,y e K, where 
M{x,y) = h max{ld{Tx,Ty),d{Tx,Fiix)),d{Ty,Fjiy)), 
^[d(Tx,F,(y)) + d(Tt/,F,(x))]} (6.3.1.1) 
with i = 2n - 1, j = 2n, {n e N), i ^ j ior aH x,y e K, x ^ y, 0 < h < =^^ 
a n d a > l + g^. 
If T is compatible with {Fn} (n € N), then {F„} and T have a common point of 
coincidence provided all involved maps are continuous. 
Proof. We assert that M{x,y) = 0 for some x,y e K. Otherwise M{x,y) / 0, for 
any x,y E K the function / is given by 
M[x,y) 
is continuous and satisfies /(x,y) < 1 for all (x,y) e KxK. Since KxK is compact, 
there exists {u,v) e K x K such that /(x,y) < f{u,v) = c < 1 ioi x,y e K, which 
in tm-n yields H{Fi{x),Fj{y)) < c M{x,y) for x,y e K and 0 < c < 1. Therefore 
using (6.3.1.1), one obtains 
max 
r_J_ a + h 1 
\l-ch'a + h{l-c)j ^ • 
Now by Theorem 6.2.2 (with restriction S = T), we get Tz e Fi(z) n Fj(z) 
for some z e K and one concludes M{z,z) = 0, contradicting the facts that 
M{x,y) > 0. Therefore M{x,y) = 0 for some x,y e K which impHes Tx G 
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Fi{x) for every odd integer i G iV and Tx — Ty e Fj{y) for every even integer j e 
N. If M{x, x) = 0 then Tx G Fj{x) for every even integer j e N and if M{x, x) j^O 
then on using (6.3.1.1), one infers that d{Tx,Fj{x)) < 0 yielding thereby Tx E 
Fj{x) for every even integer j 6 N. Similarly, in either of the cases M{y,y) = 0 or 
M{y, y) > 0, one concludes that Ty € Fi(y) for every odd integer i e N. Thus we 
show that {Fn} and T have a common point of coincidence. This completes the 
proof. 
Remark 6.3.1. A remark similar to Remark 2.2.2 remains pertinent in the context 
of Theorem 6.3.1. 
Now, by setting Fi = F (for every odd integer i e N), Fj = G (for every even 
integer j G N) and T = T/f in Theorem 6.3.1, we deduce the following corollary for 
a pair of multi-valued mappings which is new to the Uteratmre. 
Corollary 6.3.1. Let {X,d) be a complete metrically convex metric space and K 
be a nonempty compact subset of X. Let F,G : K -> CB{X) satisfying: 
(/32) xe5K^ F{x) U G{x) C K, 
if33) F and G are continuous on K, and 
H{Fx, Gy) < h max{^dix, y),d{x, Fx), d{y, Gy), ^[d{x, Gy) + d{y, Fx)]} 
for all x,y e K with x^y, where 0 < h< ^=^^ and a > 1 + | ^ , then there exists 
z e K such that z e FzD Gz. 
§ 6.4. An illustrative example 
Finally, we conclude this chapter by furnishing an example to establish the 
utihty of our results over earUer ones especially those contained in Ahmed and 
Rhoades [4] and others. Here, by restricting Fi = F (for every odd integer i £ N) 
and Fj = G (for every even integer j € iV), we consider the following for two hybrid 
pairs of nonself mappings. 
Example 6.4.1. Let X = [0,oo) with Euchdean metric and K = [0,3]. Define 
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F,G:K^ CB{X) and S,T : K ^ X as 
[0,x2]if 0 < x < 2 
Fx= I Tx= i 
{3} if 2 < X < 3, 
( 23;Mf 0 < a; < 2 
^ 3 if 2 < X < 3, 
f 2xMf 0 < X < 2 
3 if 2 < X < 3. 
' [0,x3]if 0 < x < 2 
Gx = < and Sx 
{3} if 2 < X < 3, 
Since <JiC(boundary of K) = {0,3}, SK = [0,128] and TK = [0,32]. Clearly TK D 
SK = [0,32] n [0,128] = [0,32] and hence SK = {0,3} C TK n SK. Further 
F K n K = to, 3] C TK. and GK O K = ^0,3] C SK. 
Also 
50 = 0 e (5K =^ FO = {0} C X, 
TO ^0 e 5K =^ GO = {0}C K, 
SS = Se6K=>F3 = {3}C K, 
T3 = Se5K=>G3 = {3}C K. 
By routine calculations, one can show that (F, G) is a generalized {S, T) contraction 
with h = \. Moreover, 0 and 3 are the points of coincidence as TO G GO and 
SO G FO whereas T3 G G3 and 53 G F3. Also both the pairs (F, 5) and (G, T) 
are quasi-coincidentally commuting at the coincidence points 0 and 3 as 5F(0) = 
{0} C F5(0) and 5F(3) = {3} C F5(3). Similarly, TG(0) = {0} C Gr(0) and 
rG(3) = {3} C GT(3). Also FK,TK,GK and SK are closed subspaces of X. 
Thus all the conditions of the Theorem 6.2.3 are satisfied and '0' as well '3 ' are 
the common fixed points of F, G, 5 and T. It is interesting to note that this exam-
ple presents a situation where Theorem 6.2.3 can be used to assert the existence of 
common fixed point but Theorem 6.1.3 does not work. Notice that Theorem 6.1.3 
also requires continuity of all four maps along with compatibility of both the pairs 
{F,S) and {G,T), but Theorem 6.2.3 never requures such conditions at the cost of 
closedness of TK and SK (or closedness of FK and GK) up to the existence of 
coincidence point. Indeed quasi-coincidentally commuting and coincidentally idem-
potent properties are utihzed to derive the common fixed points, once the existence 
of coincidence points are established. 
• + • • • 
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CHAPTER 7 
HYBRID FIXED POINT THEOREMS VIA 
DIAMETRAL DISTANCES 
CHAPTER 7 
Hybrid fixed point theorems via diametral 
distances 
§ 7.1. Introduction 
In recent years, several fixed point theorems for multi-valued mappings were 
generalized and improved by proving corresponding hybrid fixed point theorems 
and by now there exists considerable fiterature on this topic. For the work of this 
kind, one is referred to Imdad et al.[70], Ahmad and Imdad[l], Ahmad and Khan[2], 
Pathak and Khan[122], Ahmed and Rhoades[4] and many others which include re-
sults on self as well as nonself mappings. In most of these results, one generally 
uses HausdorflF-Pompieu metric H (cf. [104]) whose details are available in Section 
1.5. The existing Uterature also contains results wherein the diametral distances are 
employed to prove results which further refine results due to the natural hierarchy 
d{A, B) < H(A, B) < 5{A, B). For this kind of literature, here we recall Dhage [38], 
Dhage et al.[40], Imdad et al.[70], Fisher[49], Ciric[32, 34], Kauguld and Pai[97], 
Chen and Shin[28], Khan[99] and others. In 1999, Dhage[38] proved the following 
fixed point theorem for nonself mapping defined on a closed subset of a metrically 
convex space using diametral distance 8. 
Theorem 7.1.1 [38]. Let {X,d) be a complete metrically convex metric space 
and K hQ a. nonempty closed subset of X. Let F : K -^ CB{X) be a multi-map 
satisfying 
8{Fx, Fy) < a max{d{x, y), D{x, Fx), D{y, Fy)} + b {D{x, Fy) + D{y, Fx)} 
for 8L\1 x,y £ K, where a, 6 > 0 such that 2a -I- 36 < 1. 
Further, if Fx H K ^ 0 for each x 6 5K, then F has a fixed point p e K such 
that Fp = {p} and F is continuous at p in the HausdorflF-Pompeiu metric on X. 
In an attempt to generalize Theorem 3.1 of Khan[99], Huang and Cho[64] proved 
two interesting fixed point theorems for a sequence of nonself multi-valued mappings 
defined on a closed subset of a complete metrically convex metric space. Inspired 
by Huang and Cho[64], Dhage et al.[40] extended Theorem 7.1.1 to a sequence of 
multi-valued nonself mappings by proving the following result. 
Theorem 7.1.2 [40]. Let {X, d) be a complete metrically convex metric space and 
K he a nonempty closed subset of X. Let {Fn}^i : K -> CB{X) be a sequence of 
multi-valued mappings satisfying 
5{Fi{x\Fj{y)) < a Tnax{dix,y),D{x,Fiix)),Diy,Fj(y))} 
+ b{Dix,Fjiy)) + D{y,Fiix))} 
ioT aH x,y E K with x T^y,i^ j , where a,6 > 0 such that 2a + 36 < 1. 
If Fn{x)nK ^^ for each x G 6K and each n E N, then FF„( set of fixed points 
of Fn) = {z}, for each n^ N. Moreover, for each n G TV, F„ is continuous at z with 
respect to the Hausdorff-Pompeiu metric on X. 
Besides above theorem, Dhage et al.[40] also contains the following: 
Theorem 7.1.3. Let {X,d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let {i^n}^i : K^ -> CB(X) satisfying 
5{Fi{x),Fj{y)) < a d{x, y) + b max{|[d(x, Fi{x)) + d{y, Fj(y))], 
\\d{x,F^{y)) + d{y,Fi{x))]} (7.1.3.1) 
for all X, y G A' with x^y, i ^ j , where o, 6 > 0 such that a^ + a + a.b + ^ < 1. 
If Fn{K) n ii' 7^  0 for each x G 5K and n e N, then Fp^ = (set of fixed points 
of Fji) = {z}, for each n G N. Moreover, for each n G N, Fn'is continuous at z with 
respect the Hausdorfi'-Pompeiu metric on X. 
In this chapter, we prove hybrid fixed point theorems for mappings defined on 
closed subset of metrically convex metric space corresponding to Theorems 7.1.2 and 
7.1.3 besides proving related results employing certain weak conditions of commu-
tativity namely: pointwise r— weak commutativity and compatibiUty. Our results 
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either completely or partially generalize earlier results due to Dliage[38], Dhage et 
al.[40], Huang and Cho[64], Chang[26], Khan[99], Imdad et al.[70] and others. 
§ 7.2. Results involving continuity of the maps 
In this section, we prove some coincidence and common fixed point theorems for 
a family of hybrid pairs of nonself mappings besides deducing several earher results 
as corollaries. Our first result is a hybrid fixed point theorem for 'pointwise r— 
weakly commuting mappings' using diametral distance {S). 
Theorem 7.2.1. Let {X,d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let {F„}~^i : K ->• CB(X) and S,T : K ^ X 
satisfying (61), (63), (ci), (64) and 
S{Fiix),Fj{y)) < a max{^d{Tx,Sy),diTx,Fi{x)),d{Sy,Fj{y))} 
+ b {d{Tx, Fj{y)) + d{Sy, Fi{x))} (7.2.1.1) 
where i = 2n — 1, j = 2n, (n G N), i^ j ioi siilx,y ^ K with x ^y, a,b>0, such 
that 
max{(f^,l (T^)(f^*), m^Xm < 1. (7.2.1.2). 
Then {Fi,T) as well as {Fj, S) has a point of coincidence. 
Proof. Following the lines of the proof of Theorem 3.2.1 and using the identical 
notations and conventions with minor modifications, one can show that the sequence 
{Txo,Sxi,Tx2,Sx3,...,Sx2n-i,Tx2n,Sx2n+i,--} is Cauchy. Then as noted in [58] 
there exists at least one subsequence {Tx2nk} or {Sx2ni,+i} which is contained in Po 
or Qo respectively and converges to some z G K. Further, subsequences {Txan*} and 
{'S'x2nfc+i} both converge to z E K as K is& closed subset of complete metric space 
{X,d). Since Txauk G Fj(x2nfc-i) for every even integer j e N and {Sx2nk-i} C K. 
Using pointwise r— weak commutativity of (Fj, S), we have 
d{SFj{X2n,-l), Fj{Sx2n,-l)) < H d{Fj{x2n,-l), Sx2n,-l) (7.2.1.3) 
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for every even integer j G N with some rj > 0. Also 
d{SFi{x2n,-l),Fj{z)) < diSFjix2n,-l),Fj{Sx2n,-l))+SiFj(SX2n,-l),Fj{z)). 
(7.2.1.4) 
Making fc —> oo in (7.2.1.3) and (7.2.1.4) and on using continuity of Fj and S, we 
get d{Sz,Fj{z)) < 0 yielding thereby Sz G Fj{z) for every even integer j € N. 
Since y2nk+i ^ •fi(2;2nfc) and Tx2nk ^  - i^ pointwise r— weak commutativity of 
{Fi,T) impUes 
d(TFi(x2n,),Fi{Tx2n,)) < r2 d ( F i ( x 2 n J , r X 2 „ J 
for every odd integer i e N with some r2 > 0, besides 
diTFiiX2n,),Fi{z)) < d{TFi{x2n,),Fi{Tx2n,)) + S{Fi{TX2n,),Fi{z)). 
Therefore, as earUer the continuity of Fi as well as T implies d{Tz, Fi{z)) < 0 
giving thereby Tz E Fi(z) as k -^ oo. 
Now, consider 
diTz,Sz)<6(Fiiz),Fjiz)) 
< a max{d{Tz, Sz), d{Tz, Fi{z)), d{Sz, Fj{z))} 
+ b{d{Tz,Fj{z)) + d{Sz,Fi{z))} 
< a max{d{Tz, Sz), 0,0} + 6 {d{Tz, Sz) + d{Tz, Sz)} 
<{a + 2b)d{Tz, Sz) 
yielding thereby Tz = Sz which shows that z is a common coincidence point of the 
maps {Fn},S and T. This completes the proof. 
Like Theorem 2.2.2, we can have the following: 
Theorem 7.2.2. Theorem 7.2.1 remains true if we replace (7.2.1.2) by 2a + 36 < 1 
retaining the rest of the hypotheses. 
Proof. The proof is similar to that of Theorem 2.2.3, hence it is omitted. 
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Remark 7.2.1. Remark 2.2.1 remains valid in the context of Theorems 7.2.1 and 
7.2.2. 
Now, we deduce some corollaries corresponding to Theorem 7.2.1 by choosing 
Fi,Fj,5'and r suitably. 
Firstly, by setting F„ = F ( for all n G iV ) and 5 = T in Theorem 7.2.1, we 
deduce the following result for a hybrid pair of nonself mappings which partially 
generalizes Theorem 7.1.1. 
Corollary 7.2.1. Let {X,d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F : K -^ CB(X) and T : K ^ X satisfying 
{gi) SK CTK,FKnKC TK, 
(p2) Txe6K=>FxC K, and 
6{Fx, Fy) < a max{\d{Tx, Ty), d{Tx, Fx), d{Ty, Fy)} 
+ b{diTx,Fy) + d{Ty,Fx)} 
for all x,t/ e /if with x ^y, a,b>0 such that (7.2.1.2) holds. Moreover, if 
(gz) (F, T) is pointwise r— weakly commuting pair, 
(^4) F and T are continuous on K. 
Then there exists z E K such that Tz e Fz. 
Secondly, by setting Fi = F { for every odd integer i e N ) , Fj = G { iov 
every even integer j e N ) and S = T ia the Theorem 7.2.1, we have the following 
theorem which partially generalizes Theorem 7.1.2. 
Corollary 7.2.2. Let {X, d) be a complete metrically convex metric space and K be 
a nonempty closed subset of X. Let F,G : K -^ CB(X) and T : K -^ X satisfying 
(^5) 6K C TK, {FK (JGK)r\KQ TK, 
(ge) TxeSK=^ {Fx U Gx) C K, and 
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5(Fx,Gy) < a max{^d{Tx,Ty),d{Tx,Fx),d{Ty,Gy)} 
+ b{d{Tx,Gy) + d{Ty,Fx)} 
foi aO. x,y € K with x^y, a,6 > 0 such that (7.2.1.2) holds. Moreover, if 
(^ 7) T is pointwise r— weakly commuting with each F and G, 
(ps) F, G and T are continuous on K. 
Then there exists z e K such that Tz e FZHGZ. 
Finally, by setting Fi — F ( for every odd integer i E N ) , Fj = G (iov every 
even integer j £ N ) in Theorem 7.2.1, we deduce the following theorem for two 
hybrid pairs of mappings which partially generalizes Theorems 7.1.1. 
Corollary 7.2.3. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset oi X. Let F,G : K ^ CB{X) a.nd S,T : K -^ X 
satisfying 
(gg) 5KCSKnTK,FKnKCSK,GKnKCTK, 
(pio) TxeSK=i'FxC K, SxeSK=^GxC K, and 
6{Fx,Gy) < a max{^d{Tx,Sy),d{Tx,Fx),d{Sy,Gy)} 
+ b{d{Tx,Gy) + d{Sy,Fx)} 
for aH x,y E K with x ^y, a,6 > 0 such that (7.2.1.2) holds. Moreover, if 
(^ 11) (^, T) and (G, S) are pointwise r- weakly commuting pairs, 
{912) F, G, S and T are continuous on K. 
Then there exists z e K such that Tz = Sz E FzHGz. 
As in earUer chapters, we can have the following: 
Theorem 7.2.3. Theorem 7.2.1 remains true, if we replace 'pointwise r— weak 
commutativity' by 'compatibiUty' and retaining the rest of the hypotheses. 
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Proof. The proof of the theorem can be completed on the Unes of Theorem 7.2.1, 
hence it is omitted. 
In an attempt to generalize Theorem 7.1.3 (due to Dhage et al.[40]), we prove 
the following fixed point theorem for a family of hybrid pair satisfy a contraction 
condition analogous to (7.1.3.1). In process results due to Imdad et al.[70] and Dhage 
et al.[40] are generalized either completely or partially. 
Theorem 7.2.4. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let {F„}~^i : K -^ CB(X) and 5, T : /C -> X 
satisfying (6i), (63), (ci), (64) and 
5{Fi{x), Fiiy)) < a d{Tx, Sy) + b max{i[d(Tx, Fi{x)) + d{Sy, Fj{y))], 
l[d{Tx,Fj{y)) + d{Sy,Fiix))]} (7.2.4.1) 
where z = 2n — 1, j = 2n, (n 6 N), i^ j iov aH x,y E K where a,b>0 such that 
(2a + b){2 + 2a + b) 
(2-6)2 < • 
Then 
(513) (-^ i) T) has a point of coincidence, 
(gu) {Fj, S) has a point of coincidence. 
Proof. Following the lines of the proof of Theorem 3.2.1, one can construct se-
quences {xn} and {y„} satisfying (C4), (cg), (ce) and using the notations Po, Pi, Qo 
and Qi in identical sense. 
Now, we distinguish the following three cases: 
Case 1. If {Tx2n, Sx2n+i) G Po X Qo, then 
d{TX2n, SX2n+l) < S(F2n+l{X2n), F2niX2n-l)) 
< a d{Tx2n, SX2n-l)+b max{l[d{TX2n, F2n+l{X2n))+d(Sx2n-l,F2n{X2n-l))], 
^[d{TX2n,F2n{X2n-l)) + d{Sx2n-l, F2n+l{x2n))]} 
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= a d{y2n,y2n-i) + b max{^[rf(y2n,t/2n+i) + d{y2n-i,y2n)], 
\[diy2n-l,y2n) + % 2 n , y 2 n + l ) ] } 
= a d{y2n,y2n-l) + b{^[d{y2n,y2n+l) + rf(y2rv-l, J/2n)]} 
which in turn yields 
d{TX2n,Sx2n+l) < ( ^ ) d ( y 2 n , J/2n-l). 
Similarly, if {Sx2n-i,Tx2n) G Qo x Po, then 
diSX2n-l,TX2n) < i^)d{Sx2n-uTx2n-2). 
Case 2. If {Tx2n, Sx2n+i) e Po x Qi, then 
d{TX2n, SX2n+l) + d{SX2n+U y2n+l) = d(TX2n, y2n+l) 
which in turn yields 
d{TX2n,SX2n+l) < d{TX2n,y2n+l) = d{y2n,y2n+l) 
and hence 
d(TX2n,'S'X2„+l) < d{y2n,y2n+l) < S{F2n-niX2n), F2n{x2n-l))-
Now, proceeding as in Case 1, we have 
d{TX2n,SX2n+l) < { ^ ) d{SX2n-l,Tx2n). 
Similarly, if {Sx2n-i,Tx2n) e Qi x Po, then 
d{Sx2n-uTX2n) < { ^ ) d{SX2n-l,TX2n~2). 
Case 3. If (ra;2n,'5a;2n+i) G Pi x Qo then Sx2n-i = y2n-i- Proceeding as in Case 
1, one gets 
d{TX2n, SX2n+l) = d{TX2n,y2n+l) < d{Tx2n,y2n) + d(y2n, y2n+l), 
< d{TX2n,y2n) + S{F2n+l{x2n), F2n{X2n-l)), 
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< d(TX2n,y2n)+a d{TX2n, SX2n-l) + b max{^[d{TX2n, F2n+l{x2n)) 
+ d{SX2n-l,F2n{X2n-l))], | [d(rX2„, F2„(x2n-l)) 
+ d{Sx2n-uF2n+l{^2n))]}. 
Since 
d{Sx2n-l,TX2n) + d(Tx2n, J/2n) = d(Sx2n-l,y2n) 
therefore 
d{Tx2n, Sx2n+l) < d{SX2n-l,y2n) + 0 d{SX2n-l,y2n) + & max{^[d{Tx2n, 2/2n+l) 
+ d{Sx2n-l,y2n)], l[d{Tx2„, y2n) + d{y2n-U y2n+l)]} 
< d{Sx2n-l,y2n) + O d{Sx2n-l,y2n) + b max{l[d{TX2n,y2n+l) 
+ d{Sx2n-\, y2n)], 5[d{TX2n, y2n) + d(y2n-l, TX2n) + d{TX2n, y2n+\)]} 
< d{SX2n-l,y2n) + 0. d{SX2n-l,y2n) + & {|M(y2n, SX2n-l) + rf(TX2„, ?/2n+l)]} 
which in turn yields 
d{TX2n,Sx2n+l) < {^^)d{SX2n-i,y2n). 
Now, proceeding as ear her, one also obtains 
d{SX2n-Uy2n) < {^)d{SX2n-l,Tx2n-2). 
Therefore on combining the above inequalities, we have 
d{TX2n,Sx2n+l) < k d{Sx2n-l,Tx2n-2), whcre k = ( ^ ) ( 2 ^ ± ^ ) < 1. 
Now proceeding on the lines of the proof of Theorem 7.2.1, one can show that 
Sz € Fj{z) for every even integer j e N and Tz G Fi{z) for every odd integer i G N. 
Now, consider 
diTz,Sz)<SiFi(z),Fjiz)) 
< a d{Tz, Sz) + b max{^[d{Tz, Fi{z)) + d{Sz, Fj{z))], 
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l[d{Tz,Fjiz)) + d{Sz,F,{z))]} 
< a d{Tz, Sz) + I {d{Tz, Sz) + d{Tz, Sz)} 
< (a + h)d{Tz, Sz) 
yielding thereby Tz = Sz which shows that z is a common coincidence point of the 
maps {Fn}, S and T. This completes the proof. 
Remark 7.2.2. Like earUer chapters, similar proofs can be outlined in case involved 
maps are compatible or weakly coromuting. 
We now deduce several corollaries by choosing F„, S and T suitably. 
By setting F„ = F ( for all n G A'^ ) and S = T m Theorem 7.2.4, we deduce 
the following corollary for a hybrid pair of nonself mappings. 
Corollary 7.2.4. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F : K ^ CB{X) and T : K -^ X he maps 
which satisfy 
(915) SK CTK,FKnKC TK, 
(gie) Tx e SK ^ FxQK, and 
8{Fx, Fy) < a d{Tx, Ty) + b max{l[d{Tx, Fx) + d{Ty, Fy)], 
'^[d{Tx,Fy) + d{Ty,Fx)]} 
for a\lx,yeK where a,b>0 such that ^^ +^ ^L\^ +^^ ^ < 1. Moreover, if 
(^ 1?) {F, T) is pointwise r— weakly commuting pair, 
(Pis) F and T are continuous on K. 
Then there exist z e K such that Tz £ Fz. 
Next, by setting Fi = F { for every odd integer i e N ) , Fj = G ( ioi every 
even integer j e N ) and 5 = T in Theorem 7.2.4, we have the following: 
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Corolljtry 7.2.5. Let {X,d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F,G : K -^ CB{X) and T : K -^ X he 
maps which satisfy 
(pig) SK C TK, {FK U GK) nKCTK, 
(p2o) TxeSK=> {Fx U Gx) C K, and 
(5(Fa;, Gj/) < a d{Tx,Ty) + b max{l[d{Tx, Fx) + d{Ty, Gy)], 
l[d{Tx,Gy) + d{Ty,Fx)]} 
for all X, y 6 i(' where a, 6 > 0 such that i^+'')i^+f'+'>) < i. Moreover, if 
(521) T is pointwise r— weakly commuting with each F and G, 
{922) F, G and T are continuous on K. 
Then there exist ze K such that Tz G Fz D Gz. 
Further, by setting Fi = F { for every odd integer i e N ) , Fj = G { for every 
even integer j e N ) in Theorem 7.2.4, we deduce a slightly sharpened form of a 
result due to Imdad et al.[70]. 
Corollary 7.2.6. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F,G : K -^ CB{X) and S,T : K -^ X he 
maps which satisfy 
(P23) SKCSKn TK, FKnKCSK,GKnKC TK, 
{924) TxeSK^FxC K, Sxe5K=^GxC K, and 
5{Fx, Gy) < a d{Tx, Sy) + b max{l[d{Tx,Fx) + d{Sy, Gy)], 
l[diTx,Gy) + d{Sy,Fx)]} 
for a.\lx,yeK where a,b>0 such that {^+'>y,^+f'+b) 
< I. Moreover, if 
(^ 25) {F, T) and (G, S) are pointwise r— weakly commuting pairs, 
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(p26) F, G, S and T are continuous on K. 
Then there exists z e K such that Tz = Sz e FzHGz. 
Finally, by setting S = T = IK io- Theorem 7.2.4, we deduce a variant of a 
result due to Dhage et al.[40] for a sequence of multi-valued nonself mappings. 
Corollary 7.2.7. Let {X, d) be a complete metrically convex metric space and K be 
a nonempty closed subset of X. Let {F„}^i : K -¥ CB{X) be maps which satisfy 
(527) xeSK^ Fn{x) C K, 
(QTS) Fn are continuous on K, and 
S{Fiix), Fjiy)) < a d{x,y) + h max{\[d{x, Fi{x)) + d(y, F,(t/))], 
l[d{x,FM) + d{y,F,{x))]} 
where i = 2n — 1, j = 2n, (n 6 N), i^ j iox ailx,y ^ K where a,6 > 0 such that 
(2a + b)(2 + 2a + h) 
(2-6)2 < • 
Then F„ have a common fixed point. 
Now, we prove a theorem when 'closedness' oi K \s replaced by 'compactness' 
of K which runs as follows: 
Theorem 7.2.5. Let (X, d) be a complete metrically convex metric space and K 
be a nonempty compact subset of X. Let {F„}^i : K -> CB{X) and T : K -¥ X 
be maps which satisfy (622), (C33) and 
6iFi{x),Fj{y))<Mix,y), 
where M{x,y) > 0 for all x,y e K and is given by 
M{x,y) = a Tnax{\d{Tx, Ty), d{Tx, Fi{x)), d{Ty, Fj{y))} 
+ b {diTx, Fj{y)) + d{Ty, Fi(x))} (7.2.5.1) 
for a.\\.x,y G X with x / y, and a,b being non-negative reals such that 
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max{{f^,), ( T ^ ) ( S ) , ( ^ ) ( f ^ ) } < 1. (7.2.5.2). 
If T is compatible with {Fn} (n G AT) and {F„} as well as T are continuous on K, 
then {Ffi} and T have a point of coincidence. 
Proof. The proof of the theorem can be completed on the Unes of Theorem 3.3.1, 
hence it is omitted. 
Remark 7.2.3. A remark similar to Remark 2.2.2 remains pertinent in the context 
of Theorem 7.2.5. 
Now, by setting Fi = F (for every odd integer i e N), Fj = G (for every even 
integer j G N) and T = //<• in Theorem 7.2.5, we deduce the following corollary for 
a pair of multi-valued mappings. 
Corollary 7.2.8. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty compact subset of X. Let F,G : K —¥ CB{X) satisfying: 
(929) xe5K=> F{x) U G(x) C K, 
(530) F and G are continuous on K, and 
6{Fx,Gy) < a Tnax{^d{x,y),d{x,Fx),d{y,Gy)} 
+ b{d{x,Gy)+d{y,Fx)} 
for all x, 7/ € X with x^y, and a, h being non-negative reals which satisfy (7.2.5.2), 
then there exists z ^ K such that z & FzC\Gz. 
§ 7.3. Results without continuity of the maps 
This section deals with a result without continuity requirements. Here, we 
utilize the closedness of TK and SK to replace the continuity requirements besides 
minimizing the commutativity requirements to the points of coincidence. We state 
and prove the following: 
Theorem 7.3.1. Let {X,d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let {F„}~=i : K -^ CB(X) siad S,T : K -^ X 
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satisfying (7.2.1.1), (61) and (ci). If TK and SK are closed subspaces of X. Then 
(^ 31) {^i,T) has a point of coincidence, 
(^ 32) {Fj, S) has a point of coincidence, 
(^ 33) T is quasi-coincidentally commuting and coincidentally idempotent w.r.t Fi, 
then {Fi,T) has a common fixed point, 
(^ 34) S is quasi-coincidentally commuting and coincidentally idempotent w.r.t Fj, 
then (Fj, S) has a common fixed point, 
(^ 35) if (933) and (^ 34) are true then Fn, S and T have a common fixed point. 
Proof. Following the lines of the proof of Theorem 7.2.1, one assmnes that there 
exists a subsequence {Tx2nk} which is contained in P^. Since TK as well as SK 
are closed subspaces of X and {Tx2ni,} is Cauchy in TK, it converges to a point 
u € TK. Let V G T~^u, then Tv = u. Also {Sx2nk+i} being a subsequence of Cauchy 
sequence {TXQ,Sxi,Tx2,8x3,...,Sx2n-i,Tx2n,Sx2n+i,•••} converges to w as SK is 
closed in X. Using (7.2.1.1), one can write 
d{Fi{v),TX2nJ < S{Fi{v),Fj{X2n,-l)) 
< a max{ld(;Tv,Sx2n,-i),d{Sx2n,-i,Fj{x2n,-,)),d{Tv,Fi{v))} 
+ b {d(Tv, FjiX2n,-l)) + diSX2n,-l,Fi{v))} 
which on letting k —^ 00, reduces to 
d{Fi{v), u)<a Tnax{0, d(u, Fi{v)), 0} + 6 {0 + d{Fi{v), u)} 
<(a + b)d{u,Fi{v)) 
yielding thereby u E Fi{v) which impUes that u = Tv E Fi{v) as Fi{v) is closed. 
Since Cauchy sequence {Tx2n} converges touE K and u e Fi{v), u G Fi{K) n 
K C SK, there exists w e K such that Sw = u. Again using (7.2.1.1), one gets 
d{Sw,Fj{w)) = d{Tv,Fjiw)) < 6{Fi{v),Fj{w)) 
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< a max{ld{Tv,Sw),d{Tv,Fi{v)),d(Sw,Fj{w))} 
+ b {d{Tv, Fj{w)) + d{Sw, Fi{v))} 
<(a + b)d(Sw,Fj{w)) 
implying thereby Sw G Fj{w) i.e., to is a coincidence point of the pak (S, Fj). 
Since i; is a coincidence point of {Fi,T) therefore using quasi-coincidentally 
commuting property of (F^.T) and coincidentally idempotent property of T w.r.t. 
Fi, one can have 
Tv e Fi{v) and w = Tu => Tu = TTv = Tv = u, 
therefore u = Tu = TTv G TFi{v) C Fi{Tv) = Fi{u), which shows that u is the 
common fixed point of {Fi,T). Similarly using the quasi-coincidentally commuting 
property of {Fj,S) and coincidentally idempotent property of S w.r.t. Fj, one can 
show that u is also a common fixed point of {Fj,S). Hence F „ , r and S have a 
common fixed point. 
If one assumes that there exists a subsequence {Sx2nk+i} contained in Qo with 
TK as well as SK are closed subspaces of X, then noting that {'S'x2nk+i} is Cauchy 
in SK, the foregoing arguments establish that the paurs {Fi,T) and {Fj,S) have a 
coincidence point and hence all the maps have a common fixed point. This completes 
the proof. 
Remark 7.3.1. Theorem 7.3.1 remains true if we replace closedness of 'TK and 
SK' with closedness of F^iK) ( for all n G A )^. 
Firstly, by setting F„ = F (for all n G A^ ) and 5 = T = 7/^  in Theorem 7.3.1, 
we deduce a partially improved form of a result due to Dhage[38] which is as follows: 
Corollary 7.3.1. Let {X,d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F : K -¥ CB{X) satisfying 
(pse) xe5K =^ Fx<ZK, and 
6{Fx, Fy) < a max{\d{x, y), d{x, Fx), d{y, Fy)} + b {dix, Fy) + % , Fx)} 
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hr aR x,y e K with x ^ y, a,b > 0 such that (7.2.1.2) holds. Then there exists 
z ^ K such that z G Fz. 
Secondly, by setting Fi = F (for any odd integer ie N), Fj — G (for any even 
integer j G A^ ) and 5 = T = /jf in Theorem 7.3.1, we deduce a corollary for a pair 
of multi-valued mappings. 
Corollary 7.3.2. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F,G : K -¥ CB{X) satisfying 
(^ 37) xe5K=i^{Fx\JGx) C K, and 
5{Fx, Gy) < a max{\d{x,y),d{x, Fx),d{y,Gy)} + b {d{x, Gy) + d{y, Fx)} 
for all X,J/ G K with x ^ y,a,b > 0 such that (7.2.1.2) holds. Then there exists 
zeK such that zeFzd Gz. 
Thirdly, by setting Fi = F (for any odd integer i ^ N), Fj = G (for any even 
integer j G N) and S = T in Theorem 7.3.1, we deduce a corollary involving two 
multi-valued and one single valued mappings. 
Corollary 7.3.3. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F,G : K -^ CB{X) and T : K -^ X he 
maps which satisfy 
(^ 38) SKeTK^ (FK U GK) nKCTK, 
(gsg) Txe5K=^ {Fx U Gx) C K, and 
6{Fx,Gy) < a max{ld{Tx,Ty),d(Tx,Fx),d{Ty,Gy)}+b {d{Tx,Gy)+d{Ty,Fx)} 
for all x,y e K with x ^ y,a,b > 0 such that (7.2.1.2) holds. Then there exists 
ze K such that z-TzeFzH Gz. 
Fourthly, by setting Fi = F (for any odd integer i e N), Fj — G (for any even 
integer j G N) in Theorem 7.3.1, we deduce a corollary involving two hybrid pairs 
of mappings. 
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Corollary 7.3.4. Let {X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let F,G : K -^ CB(X) and S,T : K -^ X he 
maps which satisfy 
i94o) SK C SKnTK,FKnKC SK,GKnKC TK, 
(^ 4i) TxeSK=>FKC K, SxeSK^GxC K, with 
6{Fx,Gy) < a max{\d{Tx,Sy),d{Tx,Fx\d{Sy,Gy)} 
+ b{d(Tx,Gy) + d(Sy,Fx)} 
for all x,y G K with x ^ y,a,b > 0 such that (7.2.1.2) holds. Then there exists 
zeK such that z = Tz = SzeFzH Gz. 
Finally, by setting 5 = T = /^ ^ in Theorem 7.3.1, we deduce the following 
corollary for a sequence of multi-valued mappings which is stated as follows: 
Corollary 7.3.5. Let (X, d) be a complete metrically convex metric space and K 
be a nonempty closed subset of X. Let {F„}^i : K -4 CB{X) satisfying 
(C42) X eSK ^ Fn{x) C K, and 
5{Fi{x),Fj{y)) < a max{^d{x,y),d{x,Fi{x)),d{y,Fjiy))} 
+ b{dix,Fj{y)) + diy,F,{x))} 
for ail x,y £ K with x ^ y, i ^ j , a,b > 0 such that (7.2.1.2) holds. Then there 
exists z E K such that z G Fn{z). 
Remark 7.3.2. A theorem similar to Theorem 7.3.1 can be proved corresponding 
to Theorem 7.2.4. 
• • • • • 
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